PEL MODULISPACES WITHOUT C- VALUED POINTS 



OLIVER BULTEL 



To my parents, Heinrich and Karola 

Abstract. We give several new moduli interpretations of the 
fibers of certain Shimura varieties over several prime numbers. As 
a corollary we obtain that for every prescribed odd prime charac- 
teristic p every bounded symmetric domain possesses quotients by 
arithmetic groups whose models have good reduction at a prime 
divisor of p. 
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1. Introduction 

Let (G, X) be a Shimura datum in the sense of all five axioms [61 
(2.1.1.1)-(2.1.1.5)] of Deligne. One knows that there exists a canonical 
variation Fibnodgeip) °f P ure Hodge structures over the quasi-projective 
algebraic variety 

(1) K M{G, X) = G(Q)\(X x G(A°°)/K) 

for every Q-rational linear representation p : G — > GL(V/Q), where 
we tacitly assume that K is a neat compact open subgroup. In rare 
cases these yield so-called "moduli interpretations", more specifically 
if there exists an injective map p : G — > GSp 2g with p(X) C f) 9 , then 
kM(G, X) is a moduli space of g-dimensional abelian varieties with 
additional structure, i.e. equipped with additional Hodge cycles (on 
suitable powers). This result is not only theoretically significant, but 
it also has an enormous practical meaning, because it is this particular 
class of Shimura varietes of Hodge type which are, at least in princi- 
ple, amenable to the methods of arithmetic algebraic geometry. For 
instance, it is this way that Milne has reobtained Deligne's canonical 
models over the reflex field E C C in [T7] . Outside this class of Shimura 
varieties these methods fail, but the work of many people (e.g. [IT] . []]) 
has culminated in more general results. Canonical models are finally 
shown to exist unconditionally in [IB] . However, the proof uses a very 
amazing reduction to the GL(2)-cases, and again these are treated by 
means of abelian varieties whose endomorphism rings have a suitable 
structure. 

Fix a rational prime p and write Oe p for the complete valuation rings 
corresponding to prime divisors p\p. The Shimura variety ([TJ is ex- 
pected to possess a certain smooth integral (!?e p -model k-M, provided 
that K can be written as K p x K p , where K p is a compact open sub- 
group of G(A°°' P ), and K p is a hyperspecial subgroup of G(Q P ). Apart 
from being canonical in the sense of Milne- Vasiu one wants this model 
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to satisfy a number of other nice properties, for example every Q p - 
rational representation p : G x Q p — > GL(V/Q P ) should determine a 
F-isocrystal Fibois(p) over the reduction kM. ^o Ep @e/P ='k M, and 
a variant should exist for the category of Hodge- F-isocrystals over the 
p-adic completion of k-M of k-M. In either case K p - invariant lattices 
in V should determine interesting lattices in Fiboj S (p). For Shimura 
varieties of Hodge type see [12] and the references therein. Even with- 
out any of the above additional requirements the existence of these 
models is highly conjectural, in fact the following weakening is already 
interesting: From now on we fix an embedding VF(Fp C ) c — > C, we fix the 
hyperspecial subgroup K p , and we write T for the set of compact open 
subgroups K p C G(A°°' P ) such that K p x K p is neat. Write X' for one 
of the connected components of X, and let us say that a discrete and 
cocompact subgroup A C G ad (E,)° x G(A°°' P ) is a lattice of good reduc- 
tion if there exists a family of smooth and projective W (W p c )-schemes 
{kpM-}kp£_t together with biholomorphic bijections 

(2) A\(X' x G{A°°' P )/K P ) ^ K pM(C), 

such that every inclusion of the form K\ C Int(7 p )fC2 with K\,Ki £ T, 
gives rises to a commutative diagram 

A\(X' x G(A°°' P )/K P ) — =-> K? M(C) 

A\(X'xG(A^ p )/K p ) k*M(C) 

in which the right-hand side vertical arrow is the complexification of 
some etale covering map k pM. —>■ K vj\A while the left-hand vertical ar- 
row is multiplication by the group element 7 P 6 G(A°°' P ), from the 
right. If X' does not contain factors of rank one, i.e. irreducible 
bounded symmetric domains of type 7 n> i, then the left hand side of 
(j2j) is a finite union of arithmetic varieties in the sense of [TT] , simply 
by one of Margulis' arithmeticity theorems, namely [T^l Theorem(l.ll), 
chapter IX]. The focus of the present paper is on domains of type V 
and VI, and its outcome is the following result: 

Theorem 1.1. Let W{¥ p c ) C be as above, and assume in addition 
that p is odd. Let D be an irreducible bounded symmetric domain, 
which is not of type II n for any n > 5. Let z > 1 and r > Az + 1 be 
integers. Then there exists at least one Shimura datum {G, X) having 
a Q-simple adjoint group G ad and fulfilling: 

• The connected components of X decompose into a product of z 
copies of D. 
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• The complexification of G ad decomposes into a product ofr sim- 
ple factors. 

• There exists a lattice of good reduction for (G,X). 

Among other things, those requirements on (G, X) imply the anisotrop- 
icity of G, in which case one can view the smoothness and the projectiv- 
ity as utmost minimal requirements in the pursuit of whatever notion of 
integral models to (JT]). In the projective case it turns out, that one can 
use deformation theory to deduce the existence of kvM. from the exis- 
tence of its special fiber kpM, which is a particular smooth projective 
algebraic variety over a particular finite extension, say F p / D Oe p /P- 
The construction of kpM, which we give in this paper, is more in- 
volved and relies on discoveries which go a little bit beyond the world 
of good reduction: Under the assumptions of theorem ll.il we introduce 
a (projective) moduli-space kp!DT parametrizing abelian varieties with 
a certain kind of additional structure, which is a slightly more elegant 
variant of a notion that appeared already in [3, Definition 5.3]. The 
very same kind of additional structure poses an analogous moduli prob- 
lem in the category of p-divisible groups, which is used to introduce a 
certain fpqc-stack *B. There exists an important (formally etale) 1- 
morphism KP Wl — ► 03, which is easily defined by the 'passage to the 
underlying p-divisible group'. Now our search for kpM is narrowed 
down by a certain hypothetical morphism: 

(3) kp m -> KP m. 

This morphism is radicial and finite, but it fails to have an extension 
to kp-M, actually the generic fiber of kp9JI has a strong tendency to 
be the emtpy scheme, and in fact it is only its fiber over (one single 
prime divisor of) p, that forms the starting point of several subsequent 
investigations. 

In order to complete the construction of (j3J) we make a systematic use 
of displays [30] , in fact we make use of a certain, modest generalization, 
the basic motivating idea is this: At least over a local ring a display 
(P, Q, F, V^ 1 ) possesses a normal decomposition P = T © L and bases 
e±, . . . , e& of T and ej+i, ■ ■ ■ , of L relative to which there are struc- 
tural equations y^_i aij ,ej = < { ^ ' ~ , and hence an invertible 

[V-^j j>d 

h x /i-display matrix (a^j) = U, cf. [30l Lemma 9]. Suppose that U' 
is the matrix of another display (P', Q', F, V~ l ) of possibly different 
height h' and dimension d', again taken with respect to a normal de- 
composition, and a choice of its bases. A linear map from P' to P can 
be visualized as h x h'- matrix over the ring of Witt vectors with a 
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block decomposition with the upper left block having d rows 

k 

and d columns. This map is a morphism P — > P in the category of 
displays if and only if: 

(i) the entries in B are Witt vectors with vanishing Oth ghost com- 
ponent, and 

on u- 1 (i ?)u'=( F £ v Jj?\ holds. 



C D) w " \p F C F D 
It is enough to check the commutation of k with the maps V~ l on Q 



and Q' and these are given by U and U' precomposed with 



F X j. In particular the isomorphism classes of displays of height h 

and dimension d are simply the Witt vector-valued elements of GL(h) 
modulo the equivalence relation 

(4) k~ x U^k ~ U, 

here we write */c for the right hand side of (ii) which is well defined if 
the condition (i) on the upper right block of k is valid. In the body of 
the text we will show that a similar map $ exists on the inverse image 
of every minuscule parabolic subgroup, which gives rise to a definition 
of a stack B(Q, /x) of 3n-display with ^-structure. Slightly less obvious 
is, that a working notion of display with (/-structure can be defined 
by recourse to the structure of the crystalline realization in the adjoint 
representation. Once this has been done one can easily introduce an 
explicit map 

(5) Flex x OBp F p/ ^<B 

which is, rougly speaking a formal analog of the map (jSJ). This adds a 
lot of content to the whole picture, and it gives a clue to interpret kpM 
as the scheme which represents the upper left entry in the 2-cartesian 
diagram 

K pMot > kpWI 



B(Q,y) x OEv ¥ pf ► 05 

of fpqc-stacks. The bulk of this paper is devoted to the proof of par- 
tial representability properties of KpMot. We start by proving that it is 
radicial over #>njt, i-e. its diagonal morphism is relatively representable 
by dominant closed immersions. It follows that KpMot(R) possesses at 
most one element if R is a reduced noetherian KP «xrr algebra. The next 
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step is devoted to the study of the image of KpMot: Outside a certain 
Zariski closed subset which we call i^p97t can we can show that ^ v Mot 
is always empty, and every point in Rp^-can gives rise to a non-empty 
xvMot when regarded over a certain finite purely inseparable exten- 
sions of the residue field. In this manner, the generic point of Kp9Rcan 
should yield the function field of kpM, and the normalisation of KpVRcan 
in this particular field should yield the variety kpM, at least heuristi- 
cally. However, additional complications arise because there could be 
several candidates for the function field of kpM. The details can be 
found at the end of section 17.21 and eventually we do obtain a variety 
kpM, which represents the restriction of KpMot on the category of test 
schemes that are of finite type over an algebraic extension of F„/, and 
the existence of ([3]) is then clear. 

It is a pleasure to thank Prof. M. Kisin for encouragement and for 
pointing out the references [4] and [21]. Moreover, I thank Prof. W. 
Kohnen, Prof. R. Coleman, Prof. R. Pink, Prof. R. Taylor, and Prof. 
T. Zink for interest and for invitations to Berkeley, Zurich, Harvard, 
and Bielefeld, where some predecessors of this work could be discussed. 
I thank Prof. J. Milne, Prof. G. Prasad, and Prof. Y. Varshavsky for 
many explanations, and finally I owe further thanks to the audience of 
my talk [2], in which I presented a special case of the map (jSJ) for the 
orthogonal group SO(/i — 2, 2) x SO(/i). The research on this paper was 
begun in Berkeley during the DFG funded scholarship BU-1382/1-1. 

2. 3n-DlSPLAYS WITH ADDITIONAL STRUCTURE 

In this section we introduce displays with additional structure. We 
prefer to work with arbitrary smooth, not necessarily reductive group 
schemes. This gives great conceptual clarity and could be of some use 
in other contexts. 

2.1. Preliminaries. Write ¥ p for the prime field of characteristic p 
and W p f for its extension of degree /. Recall the ringscheme W of Witt 
vectors along with its truncated version W n for each finite length n. 
There are canonical maps: 

F n : W n+1 -> W n 

and 

C W n+1 , 

where the ideal I n is defined to be the kernel of wq, the Oth coordinate 
of the ghost map, and, as usual, we shall suppress "n" in the notation 



PEL MODULISPACES WITHOUT C- VALUED POINTS 



7 



if we mean "n = oo". We need to make a number of remarks on set- 
valued covariant functors T on the category of iy(F p /)-algebras: Let 
us write Res^ n T for the functor taking any S/W(W p f) to jF(H / n (S')), 
where the W / (F p /)-algebra structure on W n (S) is induced by the natural 
map 

A n : W(¥ pf ) -> W n (W(¥ pf )) 

which one gets by truncating the usual functorial diagonal A from W 
to W o W. Let us also write F T for the pull-back via the Frobenius 
F : W(¥ pf ) -> W(¥ pf ), i.e. F F(S) = .F(%|), here the subscripted 
[F] indicates the change of W / (F p /)-algebra structure on the ring S by 
means of F. Observe that for every ring S there exist functorially 
truncated Frobenii: F n : W n+ i(S) — > W / n (5') which give rise to natural 
maps 

(6) F n : Res Wn+1 T -> Resvi/ n 

This is due to the commutativity of the diagram: 

W n+1 (W(¥ pf )) -2s- W n (^(F p/ )) 



W(F p/ ) ^(F p/ ) 

which is merely a special case of the remarkable compatibility between 
A and F, a fact that holds for just any commutative ring. In the 
special case of a functor T that "descends" (i.e. extends) to a functor 
over W(¥ p ) we may certainly drop the " F " in the right hand side of 
QB]), however do notice that we can always write F Res\y n F instead of 
Resiy n F T ', because of the commutativity of the diagram 



W n (W(¥ pf )) W n (W(¥ pf )) 



W(¥ pf ) — ^ W(¥ pf ) 

which, this time, does use that F p / has an absolute Frobenius endo- 
morphism which becomes F if one applies W. Finally the ghost maps 
give rise to a canonical: 

71-1 

(7) w : Res Wn T -> JJ 

i=0 

Let us set wq for its 0th component. Finally we denote the functor 
S h-> M §§w(¥ f ) S by M, provided that M is a torsionfree. Notice that 
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there is a natural short exact sequence: 

(8) -> Res Wn F M Res Wn+1 M^M^O 

We will write Res/ n+1 M_ for the kernel of the right-hand side map and 

(9) V' 1 : Res /n+1 M — >• Res Wn F M 

for the inverse of the left-hand side one. Needless to say that the functor 
F M is no other than W(F p f) ®f,w(f f ) M, finally observe F n o V n = p. 

2.2. $-data. Let S be a scheme, let Q be a group-valued contravariant 
functor on the category of S-schemes, and let P be a set-valued con- 
travariant functor on the category of X-schemes, where X is a scheme 
over S. If P is endowed with a right (/-action, such that each non- 
empty P(Y) becomes a principal homogeneous £?(y)-space, then we 
will say that P is a formal principal homogeneous space for Q over X. 
We will say that P is a locally trivial principal homogeneous space for 
Q over X if the following holds in addition: 

• P satisfies the sheaf axiom for fpqc (i.e. faithfully flat and 
quasicompact) morphisms. 

• P(Y) is non-empty for at least one fpqc map Y — > X. 

Notice that locally trivial principal homogeneous spaces for affine group 
schemes are affine schemes, by descent theory (and [10, Proposition 
(2.7.1.xiii)]). In this case it is interesting to consider the groupoid 
Torsx{G) of all locally trivial principal homogeneous spaces for Q over 
X. An obvious notion of pull-back defines a fibration over the category 
of S'-schemes, and we obtain the stack Tors(Q) if we think of the base 
category as the big fpqc site to S. In case Q is flat and affine over S = 
Spec B, where B is a Dedekind ring, we will utilize the additive rigid 
^-category Rep Q (Q) of 'representations', i.e. Q — -B-modules which are 
finitely generated and projective over B, this has been introduced and 
studied in [23l II. 4. 1.2.1], along with various functors defined thereon: 
Write Vecx for the additive rigid £*D-category of vector bundles on X, 
i.e. of locally free, finitely generated (9x-modules. Then there is a 
natural forgetful fiber functor 

w% : Rep {Q) -> Vec s , 

which takes a Q — I?-module to its underlying 5-module, furthermore 
for every P G Torsx{G) there is also a twisted fiber functor 

w P : Rep (Q) -> Vec x , 

which takes a representation (V, p) to the locally free Cx-module P x G 
V, which is obtained by the usual extension of structure group (the 
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map p takes Torsx(G) naturally to Tors x (GL(V /B)), which in turn is 
naturally contained in Vecx, cf. J23J II. 3. 2. 3. 4]). 

To fix ideas further consider a smooth group scheme over W(¥ p f), 
together with a cocharacter ji : G m x W{¥ p j) — > Q and observe that 
iUq inherits a graduation of type Z from it, [231 Corollaire IV. 1.2. 2. 2]. 
Let Q~ be the group of ascendingly filtered ^-automorphisms of tu g , 
and let Q + be the group of descendingly filtered (g)!-automorphisms 
of in the sense of [2"3"1 IV. 2. 1.3]. These group functors are repre- 
sentable by (and will be identified with) closed subschemes of Q and 
these are smooth over W(¥ p f), by [231 Proposition IV.2. 1.4.1]. Let Ad 
and Ad - stand for the natural adjoint representations of Q and Q~ 
on their respective Lie algebras, which we denote by g and g~. We 
need notations for two more ^"-representations of some significance: 
Observe that Ad - is a subrepresentation of Ad \g-, and write Ad_ for 
the quotient of these two ^"-representations. Its underlying W(W p f)- 
module may be identified with the Lie algebra of Q + , which we denote 
by g + , this is due to g = g~ © g + (one should be cautioned to not 
confuse Ad_ with the adjoint representation of Q + )- By passage to 

the determinant one obtains a character ch : Q~ dct ^ d ~ (j m) or equiv- 
alently a one-dimensional ^"-representation on the invertible module 
f := (detg) ®w(w pf ) (detg~). 

It also follows that the group multiplication identifies Q~ ) Q + 

with an open subscheme Q x C Q (use the implication "b)=^a)" in 
[TQl Theoreme (17.9.1)] followed by the "d)^b)"-one in the result [101 
Theoreme (17.11.1)]). There is a canonical homomorphism 

/i- Int :A^ (v) ^End(£-), 

of multiplicative monoids which extends the interior G m x 1^ (Fr- 
action Intg- opr 1 on Q~ , and /i will be called a <3>-datum for Q if and 
only if the following holds: 

(Ml) The only /x-weight of g + is 1. 
(M2) Q has connected fibers. 

If (Ml) holds, then there exists an isomorphism 

e+:g>^£ + , 

such that the interior G m x W / (F p /)-operation of \i on Q + becomes the 
scalar multiplication of this vector group scheme. 
We write TC^ and Ti n for the affine group schemes ResyK„ Q ± and 
Resyi/„ Q, which are smooth of relative dimensions ndimQ ± /W{¥ p f) 
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and ndimQ /W(¥ p f). Clearly its non-finite type affine proalgebraic 
pendants will be denoted by TC^ and TC. 

The closed subgroup W / (F p /)-scheme X n C Ti n is defined to be the in- 
verse image of Q~ by means of the th component Wq of the ghost map 
w and the subgroup J n C is defined to be the inverse image of the 
trivial group. We will need the following: 

Lemma 2.1. Suppose that R is a commutative ring. 

(i) If p & rad(i?) then Y&d(W n (R)) is equal to the inverse image of 
rad(-R) via the 0th ghost coordinate. 

(ii) If n is finite and if p G v^Or, then I n (R) is nilpotent and 
■\/Ow„or) is equal to the inverse image of y/O^ via the 0th ghost 
coordinate. 

Proof. By a limit process it is enough to check the assertion (i) for 
n 7^ oo. By induction it suffices to check that yn W n (R) is contained 
in ra.d(W n (R)) , which is implied by 

1 - (1 - yn -' x)- 1 = y "" ( ^ ), 

v ' K p n - 1 x -V 

where Xq is the 0th ghost coordinate of x. The assertion (ii) is trivial. 

□ 

Corollary 2.2. Let R be a W(W p f)- algebra whose radical contains p, 
then T n (R) is the product ofH~(R) and J n (R) (in any order for any 
n ). 

Proof. The diagram 

SpecW n (R) — 9 -^ G 

Specuio 

Spec R — ^— > Q~ 

assures us of g G Q X (R) and g G Q x (W n (R)), by lemma I2TT1 The 
equation Q x = Q~ Xw(v f ) G + finishes the proof. □ 

For example it now follows that the natural group multiplication 
identifies the W m {¥ p f )-scheme X n x^f f ) W m (W p f) with the cartesian 

product of the W m (F p /)-schemes J n x^p f ) W m (¥ p f) and Ti~ x W (f f ) 
W m (¥ pf ). 

2.3. Twisted Frobenius maps, part I. Let us denote the natural 
Frobenius groupscheme homomorphisms from H^ +1 and H n+ i to F H^, 
and F 7i n by and F n . There are yet several more interesting ho- 
momorphisms and $ n with targets one of the groups F 'Hn and 
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F 7i n : Notice that /i _Int induces a functorial action of the multiplica- 
tive monoid M / (F p /)-schemes W n on the group W(¥ p f) -schemes TL~. 
When evaluated at the element p = p[lw(v ,)]n £ W n (W(¥ p f)) one 
obtains a map 

fi~ lnt (p) :H~ ^H~;g^ v{p)~ l g n{p) , 
which gives us further 

ones, when composed with F~. Finally Zink's u V~ ln makes sense as 
an F-morphism, of group W / (F p /)-schemes i.e. 

$ + ■ 7 . 1 — > 

as in ([9]). Now we are in a position to introduce the twisted Frobenius 
map 

$ ■ X ,1 — > F/ W 

• - L "a- S r \ ' <-n 

that will appear to have pivotal importance: Write A for the W(¥ p f)- 
algebra of which the spectrum is X n+1 , and consider the faithfully flat 
quasicompact covering Spec(l + pA)~ 1 AU Spec A[-]. On the first chart 
the corollary [22] on factorisations allows us to define $ n to be the prod- 
uct of $~ and $+, and on the second chart we can most easily define it 
by the same formula as $~, namely by F n oIntj n+lXw(F } k(f ^(//(p) -1 ). 

pj P 

The ghost coordinates may be used to check that these definitions co- 
incide on Spec(l + so that we may descent. 
By a $-datum we mean a pair where Q is a W / (F p )-group, and 
H is a $-datum for some scalar extension Q Xw(f p ) W(¥ p f). If a $- 
datum is given we continue to denote Resw„ Q by H n , however do no- 
tice that the aforementioned twisted Frobenius map reads $ n : X n+i — > 
7~£n x w(¥ p ) W(¥ p f), so that the following definition is meaningful: 

Definition 2.3. Let fj, : G m x W(¥ pf ) -> Q x w{¥p) W(¥ pf ) be a $- 
datum, and let X be aW{¥ p s)- scheme. A length n-truncated 3n- display 
over X with Q-structure is a quadruple V = (P n , P n +i, Qn+i, ®n) con- 
sisting of the following data: 

(Dl) X-schemes P n and P n +i having the structure of a locally triv- 
ial principal homogeneous space over X for the groups 7i n and 
Tin+i, and being equipped with a 7i n+ i- equivariant forgetful X- 
map P n+ i -> P n 

(D2) A closed subscheme Q n +i P n +i that is T n+ \-invariant and 
acquires the structure of a locally trivial principal homogeneous 
space over X for this group 
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(D3) A X -morphism $ n from Q n +i to the length n truncation P n 
such that the diagram 

Qn+1 x W(F vf ) 1n+l ► Qn+1 

P J 

Pn x W(F p )'Hn ► Pn 

of X -schemes commutes. 
A 3n-display over X with Q -structure is defined to be an equivari- 
ant closed immersion Q <^-> P of locally trivial principal homogeneous 
spaces under Ti Xw(w p ) X and X ,) X, together with an additional 
map $ : Q — > P satisfying an appropriate version of (D3). 



Adopting the convention of [30] we denote the $ (resp. $ n )-operation 
on elements of the group I (resp. X n+1 ) by (resp. "*™g") in 

order to distinguish it from the map $ which determines the display. 
Isomorphisms between the possibly truncated 3n-displays over X with 
(/-structure are defined in the obvious way and give rise to groupoids 
B"x{Q,ii). There exists an obvious notion of pull back, giving rise to 
categories B n (Q, fi), which are fibered over the base category of W(W p f)- 
schemes. One more piece of notation will prove useful: In case that 
e : G m x W(F p f) —> Q Xw(f p ) W(W p f) is a cocharacter which lies in the 
center of Q, there is another $-datum (Q,/j,e) giving rise to the same 
twisted Frobenius map and hence to an absolutely identical notion of 
length n-truncated 3n-display over X with (/-structure. The (slightly 
tautological) 1-morphism B n (Q,fi) — ► B n (Q,fie), thus defined shall be 
denoted by V i— > Vie), and is called twist. 

For all n including oo one may interpret B n (Q, fi) as the unique fibered 
category rendering the diagram 

S"(£,/i) > Tors(l n+1 ) 



(10) 



Tors (H r 



> 



Tors {7i n ) x Tors(Ti r , 



2-cartesian, here \l/ n is the composition of the inclusion of X n+ i into 
Tin+i and the truncation Ti n +i — > Tin- It follows immediately that 
B n (Q,{i), being the fibered product of stacks over a (pre)stack is in- 
deed a stack for the fpqc topology. 

Furthermore, it is noteworthy that the fiber of the upper horizontal ar- 
row over any S- valued point of Tors(X n+1 ) is just the fiber of A Tors ( Wn ) 
over that point, in particular we obtain a morphism 

b n {g,n) := c(l n+1 )x Tors(In+l) B n (g,fi) : SpecW(¥ pf )x w{¥p) n n -> B n (Q,fi). 
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Remark 2.4. Later on we need some facts on the structure of the under- 
lying locally trivial principal homogeneous spaces: If (P n , P n+ i, Q n +i, &n 
is as in definition I2.3[ then the natural truncations Q n +\ — > Q n and 
P-n+i Pn are smooth morphisms of smooth X-schemes for all finite 
n, this follows from [10, Proposition (2.7.1.iv)] in conjunction with [TOj 
Proposition (17.7.1)]. If V = (P, Q, $) is a 3n-display with ^-structure 
over X, then neither Q nor P are of finite type, however the natural 
truncations Q — > Q n and P — > P„ are still formally smooth and flat 
morphisms of formally smooth and flat X-schemes: This follows from 
an elementary argument as Q = lim^_ Q n and P = lim^ P n (use [TP] 
Proposition (2.7.1.viii)] in conjunction with [TTJJ Proposition (8.2.5)]). 

2.4. The fibered groupoid of twisted conjugacy classes, part I. 

An object in B n (Q,fi) will be called banal if the underlying principal 
homogeneous space Q n+ i is the trivial one. The fibered full subcategory 
of banal displays will be denoted by B n ((?,/i), it is a prestack, and it 
allows a very concrete description: The objects are maps 

$n : 1n+l X W(V pf ) X — > Tin ><W{F P ) X, 

of the form g i— > U^ n g ) and thus indexed by the group elements $n(l) = 
U G 7i n (X). Consider a morphism ip n+ i from the object that has 
$ n (l) = U' to the object that has $ n (l) — U. In the first place VWi 
must be an automorphism of X„ +1 x W (j j X (regarded as a trivial 

principal homogeneous space), hence equal to multiplication by some 
element k G X n+ i(X). This morphism preserves the $ n -structures if 
and only if the diagram 

n' $ " ) p' 

Vn+l * r n 



1pn+l 



4>n 



Qn+1 ' Pn 

commutes. Here ip n is the truncation of ip n +i, hence it is equal to 
the multiplication by the same element k. However Q' n+l = Q n +i — 
1 n +i x w(w f ) X, and therefore one must have 

U' = k^U^k, 

because the upper horizontal arrow is given by i — > U'® n g and the 
lower one by g i— > U n g. Our explicit description entails an important 
equivalence of categories: 

For later use we note two more lemmas: 
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Lemma 2.5. Let R be a W(F p f) -algebra, and let V be a length n- 
truncated 3n-display with Q-structure over SpecR. 

(i) If I G R is a nilpotent ideal, then V is banal if and only if 
V x Spec r Spec Rj I is banal. 

(ii) // pR is nilpotent then there exists an etale and faithfully flat 
R-algebra over which V becomes banal. 

Proof. The first of these two assertions follows from remark 12.41 an d 
in the finite length case both of them are trivial, due to [TUt Corollaire 
(17.16. 3. ii)]. In order to prove the infinite length case of the remaining 
assertion we may assume pin = 0, due to [10, Theoreme 18.1.2]. Now 
we can clearly find an etale and faithfully flat i?-algebra R 1 over which 
the level 0-truncation of V := V Xr R' is banal. However, notice that 
there exists a short exact sequence 

-> g g Wpf ^ Z n+ 1 X Fpf -» l n X Wpf -> 1. 

By induction on n G N we deduce the banality of all of the level n- 
truncations of V, due to [TBI Chapter III, Proposition 3.7]. Finally it 
follows that V' is banal. □ 

Lemma 2.6. Let k be a perfect field that contains F p f, and let V and 
V' be length n-truncated 3n-display with Q-structure over Spec k, where 
n G N U {oo}. Then there exists a finite Galois extension l/k, a poly- 
nomial h G l[t] with h(0) ^ ^ ^(1)? an d a length n-truncated 3n- 
display V with Q-structure over SpecZft]^, such that V X& I = V\t=o 
and V x k I ^ V\ t =i. 

Proof. Pick a smooth map Spec W(F p )[a;i, . . . ,x m ]f — > Q, where / is 
a polynomial which is not contained in pW (F p )[xi, ... ,x m ], and let 
Specie (F p ) [xi, ... ,x 2 m}g =■ S Q be defined by q{x u . . . , x 2m ) = 
r(x u x m )r(x m+1 , x 2m ), where g(x t , x 2m ) is the polynomial 
defined by f(xi,..., x m )f(x m+ i, . . . , x 2m ). The map q is smooth and 
surjective. Now choose a finite Galois extension over which V and 
V become banal, and write U and U' for representatives. Over a 
possibly further finite Galois extension k' , these can be lifted to S, in 
order to achieve U = q(xi, . . . , x 2m ), and U' = q(x[, . . . , x' 2m ), where 
xi, . . . ,x 2 m 1 x' 1 , . . .,x' 2m G W n (l). Put Zi := Xi + [t](x- - Xi) G W n (l[t}), 
and write h G l[t] for the (mod p) reduction of the polynomial h(t) : = 
g(x 1 + t(x' 1 -x 1 ), . . . ,x 2m + t(x' 2m -x 2m )) eW n (l)[t]. Observe that z : = 
(zi, . . . , z 2m ) is a W n (Z[t]^) -valued point of S (the 0th ghost coordinate 
of g(zi, . . . , z 2m ) is equal to h). Note h(0) ^ ^ h(l), and let V be the 
length n-truncated 3n-display with ^-structure over Spec/[i]^ which is 
represented by the element U := q(z) G G(W n (l[t)j^)). □ 
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2.5. Separatedness, part I. Let be an automorphism of a length 
n-truncated 3n-display V over S with ^-structure. In the sequel we 
need to know that the condition "0 = id" defines a closed subscheme 
of S. If S = Spec A, for instance, then there should exist an ideal 
I C A such that (ft x A B = idp XA B holds if and only if IB vanishes. 
The following proposition achieves this: 

Proposition 2.7. Suppose that V' and V are n-truncated 3n-displays 
over S with Q -structure. Then there exists a relatively affine S scheme 
which represents the set-valued contravariant functor X \— > Hom('P / x s 
X,V x^X) on the category of S -schemes. 

Proof. The functor in question satisfies the sheaf axiom for fpqc mor- 
phisms. Descent theory implies that one may assume V and V to be 
banal, hence represented by display matrices U', U G H n (T(S, Os))- In 
this case the morphisms from V'x s XtoVx s X are the solutions of 
the equation U' = h~ l U^ n h in h G l n+1 {T(X, O x ))- This is obviously 
representable by a closed subscheme of I n +i Xw(¥ f ) S. □ 

Remark 2.8. The result may be also be interpreted by saying that the 
diagonal 1-morphism A S n (0)/i) : B n (G,fi) -> B n (Q,fi) X\v(w pf ) B n (G,fi) 
is schematic and affine, hence separated and quasicompact. Moreover, 
for finite n one may regard B n (Q, fi) as an algebraic stack over W(¥ p f), 
basically because the 1-morphism b n (Q, /x) : Spec W(F p f) x H /(f p ) —> 
B n (Q,fi) is a smooth presentation. We refrain from doing that, due 
to our (non-standard) choice of Grothendieck topology being the fpqc 
one. It should also be noticed, that the prime object of this work is 
the limit stack B(Q,fi) := B°°(Q,fj,), which is by no means algebraic. 

2.6. Compatibility with limits. 

Lemma 2.9. Let R be a complete local noetherian W(¥ p f)- algebra with 
maximal ideal m. Then the natural forgetful functor 

B n R (g,ri^2-\imB n R/m „(g,ri 
is an equivalence of categories, for all n including oo 

Proof. The computation of the essential image is the only issue, so 
consider an object in the right hand side category, which is a se- 
quence G &R/ m v(G, fi>) endowed with transition maps 

x R/m»+ 1 R/vx u . Under the additional assumption that every V^ v > 
is banal one can easily construct a preimage : Let UM G H n (R/m u ) 
represent V^ v \ so that giving ipM boils down to the equation = 
(hM)- 1 lJ {v+1) *hM where U {u+1) stands for the image of in H n {R/m u ), 
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and G l n+1 {R/m u ). Next we choose lifts fr<"> G l n+ i{R) of the 
faM's, and we define sequences of elements m^ u ' := h^^ 1 ^. ■ ■ ■ .h^ G 
J n+ i( J R) and OM := G H n (R/m u ), where 

stands for the image of in X n+ i(i?/m^). It is clear that the se- 
quence of 0^ v > G H n (R/m u ) together with neutral transitions lies in the 
image of the functor in question, and it is also clear that the sequence 
of rfv> v > G T n+ i(R/m u ) defines an isomorphism lhm_ O^"' — > liuu_ U("\ 
In the general case there still exists a finite Galois extension I of 
k := R/m such that x fc I is banal, according to part (ii) of lemma 
12.51 Write B for the unique finite Galois extension over R of which the 
special fiber is I, by [TQl Proposition (18.3.2)]. For every index v we 
can deduce the banality of V^ v > XR/ m » B/Bm u , according to part (i) 
of lemma 12.51 This completes the proof because one can use descent 
along R^ B. □ 



2.7. Example. We give a brief sketch of an example: Fix a p-adically 
separated and complete ring R, and let us coin the term n-truncated 
3n-display over R for the following class of quadruples (M, N, F, V^ 1 ): 

• M is a finitely generated projective W n+ i(i?)-module 

• N C M is a submodule which contains I n+ x(R)P 

• M/N is projective, when regarded as a module over R 

• F:M^ W n (R)® Wn+1 (R)M and V~ l : N - W n (R)® Wn+m M 
are Fn -linear maps, satisfying V~ 1 ( v ax) = aF _1 (x) for all x G 
M and a G W n (i?) (of which the Verschiebung is an element in 
W n+1 {R)). 

• the image of V~ l generates M as a W n+ i(i2)-module. 

A morphism between the n-truncated 3n-displays (M', N', F, V -1 ) and 
(M,N,F, V' 1 ) is a W n+ i(.R)-linear mapping M' -> M sending N' 
to iV and such that the maps F and V' 1 are preserved. We will 
write Dis R for the additive category of n-truncated 3n-displays. We 
will write Dis R (d, h) for the full subcategory made up of quadruples 
(M,N,F, V' 1 ) with r&nk Wn+l{R) M = h and mnk R M/N = d. When 
discarding all morphisms other than the isomorphisms in Dis R (d, h) we 
obtain a groupoid: Dis R (d,h)*. Consider the cocharacter 

fJ>d,h ■ G m -> GL(/i); z ^ diag(c. . . . zA, • — U • 

d h—d 

then there is a natural equivalence of categories 

Co d> , : B n R (GL(h),^ h ) % Dis n R (d,hy. 
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By the theory of Witt-descent it suffices to construct the restriction 
of Cod,h to the subcategory B^(GL(/i), fi^h) °f banal displays. When- 
ever some object of B^(GL(/i),^/,) is represented by a matrix U G 
GL(h,W n (R)) the effect of Co^ on it is defined as follows: Write 

U (M, N, F, V' 1 ) where: 
M := W n+1 (R f h 

F:M^ W n {R) ® Wn+m M; Q ~ 17 ^ 
N := I n+1 (R)® d ®W n+1 (R)® h - d 
V-'-.N^ W n (R) ® Wn+liR) M; (f) » U C F * 

Whenever k represents a morphism between two banal displays which 
are represented by the matrices U' = k~ l U® n k and U, then the ef- 
fect of Cod t h on it is defined as follows: Write k as a h x /i-block 

matrix with B = mod I n +i(R), and let Cod^/c) act on 

Cod,h(U') = W n+ i(R)® h by plain matrix multiplication. 
The functor Co^ is fully faithful. In order to determine the set of n- 
truncated 3n-displays (M, N, F, V~ l ) which lie in the essential image 
one has to observe that the ring W n +i(R) is separated and complete 
with respect to the 7 n+ i(i?)-adic topology, so that the modules N can 
always be written as I n+ \(R)T © L for suitable (n-truncated) normal 
decompositions M = T © L. This allows one to consider the map 

(12) F © V- 1 : M -> W n (R) ® Wn+1 (R) M;x + y^ F(x) + V~\y) 

where x G T, and y G L. Following the ideas in, and using the language 
of [30l Lemma 9] one proves (fl2|) to be a Fn -linear isomorphism. Over 
some fpqc extension there exist W n +i (72)-bases of T and of L, with 
respect to which (fl2l) can be written as F n composed with some U G 
GL(h, W n {R)) and we are done. 



3. Graded (A, t)-modules 

In the sequel we need a number of rather harmless constructions tak- 
ing place within the category of graded Frobenius modules. We collect 
them in this section, primarily in order to introduce some notation. 
Let A be a p-adically separated and complete ring and let r be an en- 
domorphism on A, which agrees with the absolute Frobenius on A/pA. 
By a Z/rZ-graded (A, r)-module we mean: 
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• a finitely generated projective Z/rZ-graded A-module M = 

• a pair of A-linear maps F s : A ® tA M — M and \ ' : : M ■ 
A ® Ti a M of degrees —1 and 1, and 

• a r-tuple of non-negative integers w a , such that 

and 

^o^Im^p^ 1 id Mff 

too. 

The invariant w is called the graded width and should be considered to 
be part of the structure. By a homomorphism between Z/rZ-graded 
(A, r)-modules N and M of the same width w we mean A-linear homo- 
morphisms f a : N a — > M a for each a G Z/rZ, such that the diagrams: 



\, A M a+l > M a A® TtA M a+l < M a 



r(fa + l) 



fa 



T(f* + l) 



fa 



are commutative. These form abelian groups Hom^r, z (iV, M), so that 
the class of Z/rZ-graded (A, r)-modules of some width u; forms an 
additive category (A, r) — Mody rZ . Observe that there is a natural 
duality defined on it, moreover the graded tensor product defines bi- 
additive functors: 



(A, r) - Mod^ /rZ x (A, r) - Mod^ /rZ % (A, r) - Mod 



w+w' 



Remark 3.1. If one precomposes the map with x \— > 1 ® t ^a %, then 
one obtains a semilinear endomorphism, i.e. a map F b : M — * M, that 
satisfies 

F b (ax) = r(a)F b (:r) 

(and sends M a+1 into M CT ). Dually there exists a semilinear endomor- 
phism F b on the dual A-module M = Hom(M, A), which (sends M a+ \ 
to M a and) satisfies 

F\ay) = r{a)F\y) 

and 

(F b x, F b y) =p w ° +1 T(x,y), 

for x G M CT+1 and y G M a +i- If there exists an integer n such that 
(F b ) ori (M) C pM, then M is called F-nilpotent, and it is called V- 
nilpotent, if (F b ) ori (M) C pM. 
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Let us also introduce the additive, rigid ^-category (A, r) — Modz/ r z 
consisting of finitely generated projective Z/rZ-graded A-modules to- 
gether with a pair of mutually inverse Z/rZ-graded maps F" : Q ® 
A <S) t ,a Af <Q> <g> Af and V" : Q <g> M -> Q <g> A <g> Tij4 M of degrees 
— 1 and 1. Finally notice, that whenever A is a VF(F p r)-algebra, then 
the grading can be interpreted as an action of W(F p r) — > End(M), by 
declaring M a to be the F~°"-eigenspace. 

3.1. Flexibility, part I. By a mod r-multidegree we mean a map 
d : Z — > Z with the following properties: 

• d(uj) + r = d(u; + r) 

• uj < d{uj) 

• d is monotone 

Let us denote max{u;|d(u;) < a} =: d*(<r), and max{d(w) — u\uj G 
Z} = max{a — d*(a)\a G Z} =: |d|. Let E C Z be the image of d, 
and let 0"i < • • • < a z {=: cr + r) be the elements of a (^-element) set 
of representatives for the (mod r) congruence classes of S. Now write 
[ouj-i + 1, . . . for the intervals d~ 1 ({aj}), so that d(ujj) = Oj and 
d*((Tj) = Uj. In this context we declare ujj +z to be cuj + r, and <Jj +z to 
be Gj + r for j G {1, . . . , z}. The purpose of this subsection is to define 
a certain functor 

Flex d : (A, r) - Modf /rZ -> (A, r) - Mod^ rZ , 

where u> d := Z)a^d(w-i)+i ty<T ' ^ us s ^ ar t ou t by putting: 
Flex d (M) w = A ® T d (w) - W)A M d(w) . 

For any d-stationary index uj, i.e. one with d(ou + 1) = d(u) we have 
A ® T:A Flex d (M) w+1 ^ Flex d (M) ti; and thus we may take this very 
isomorphism to constitute the tu'th map F 9 on Flex d (M). Otherwise we 
have to come up with a map from A ® T;j4 Flex d (M) Wj . +1 to F\ex d (M) Uj 
which boils down to: 

A ® T °j+i-"j ^ A M aj+1 — > A (S> t <t j -^ jj4 Af CTj . 

Our definition here is the image under t CTj ~ Wj of the map 

A® T * i+1 -* M M ff . +1 -^M CTj . 

which arises naturally from composition of o~j+i — Oj many maps 
One proceeds analogously for the V^'s, use duality for example. The 
upshot is a graded (A, r)-module Flex d (M) of width equal to u> d . There 
are natural isomorphisms 

Flex d (M®M') = Flex d (M)®Flex d (M') 
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(in the category (A, r) — Mod^jr^ ), whenever M and M' are Z/rZ- 
graded (A, r)-modules of widths w and u/ and analogously for duality. 

Lemma 3.2. Write u w := Ylt=l+i w <? on ty depends on the 

(mod r) congruence class of u) and write u := max-fii^o; G Z/rZ}. 
Then there exists a canonical map 

Homf; rZ (Flex d (AO,Flex d (M)) -> Homf /rZ (iV, M) 

0/ which the composition with 

Flex d : Homf /rZ (iV, M) -> Homf^(Flex d (iV), Flex d (M)) 



Z/rZ 1 * 



zs egna/ to multiplication by p u , for any Z/rZ- graded (A, r)-module M a 
of graded width w. 

Proof. Assume that / is some endomorphism of M — Flex d (M) with 
components f u . We simply define a map f u by the commutative dia- 
gram: 

(ytt)d(^) 



A ® T d( w )- W;j4 M d ( w ) 



where i> w is w — m w . Now the whole point is the equality u£ 
v u -i — v u . The proof is completed by writing down the diagrams: 



w<„ = 



pi>u(ytt)d(")- 



p^+i(v r t) d ("+ 1 )-"- 1 ~ L+i 



and 



A® TiA N u+1 A® TiA M u+1 - > 



A ® TyA M w+1 



which are commutative because the outer rectangles are commutative. 
Notice that this proof is free of any assumptions on the p-torsion. □ 



Remark 3.3. One has u < |d| max{w a \a G Z}. 
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3.2. Windows with additional structure, part I. If A and r are 

as above then some triple (A,J,t) is called a frame over Wi¥ p} ) if 
and only if A is a torsionfree W^(F p /)-algebra and J is a pd-ideal that 
contains some power of p. Notice that these conditions imply J C 
rad(A) and r(J) C pA. Now let (A, J, r) be as above and consider the 
$-datum G rn — > £ ^w(¥ p ) W(W p f). It is easy to see that the product of 
G~(A) and the kernel of G + {A) — > £ + (A/J) is a group which will be 
denoted by Qj(A). It follows that we obtain a map 

$j:Qj(A)^g(A), 

gotten from the restriction of the map r oIntg Xw(F ^ A ^(p(p)~ r ), which 
sends G{A[-\) to itself. On the set Q(A) we introduce the structure of a 

category Ba,j{G, A 4 ) by the constraint U' U whenever U' = h~ l U^J h 
with h G Qj(A). Clearly all morphisms are invertible, i.e. Ba,j(G,P>) 
is a groupoid. If we suppress the ideal in the notation it shall be 
understood that J = pA, in particular we simply write Ba(G,/j) if we 
mean Ba, p a(G, A*), and we also set Ba(G, h) for the faithful subcategory 
of Ba{G,h) in which the morphisms are elements of G~{A). For this 
paper it is vital to have various notions of realizations in (/-spaces. 
To this end consider a finitely generated torsionfree W^F^-module V 
where r divides / and suppose that 

p : g x W(¥ p r) -> GL(V/W(¥ pr )) 

is a group homomorphism. Pulling back with the —a fold iterates of 
Frobenius results in modules: 

W(¥ pf ) ® F -*, W F pr) V = K, 

and let us write p a for the natural representation of G x W(F p /) on 
that space. Finally we set v a for the image of \i under p„. From now 
on we assume that the weights of v a are contained in an interval of 
integers [a a ,b a ]. We define 

A 1 x W(¥ pf ) ^End w{¥pf) (V a ) 



A 1 x W(¥ pf ) -> End w(¥pf) (V a ), 
note that {a c (5 a ){z) = z ba ^ a ' T . We want to set up a functor 



v„ 



OLr, 



and 



Pa-- 



Z 

v, 



Fib^(p) : BaAQ^) - (A,r) - Mod%% 
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Let U G 0b^ 4 , , = 0(A) be given. We start by denning Fibf'-(p) : = 
A ,iy(F p r) V = A ®w(F /) V CT , and we set Fj : A (g>F,w(F p/ ) V CT+ i -> 
A ®w(F /) K- equal to p a (U) F f3 a+1 (p), and we set V} : A ®w(p f ) V CT — > 
A ®f,w(f /) Vcr+i equal to F a CT+ i(p)p CT (i7) _:L . We decree the effect of 
Fib-'- on a morphism U' ^ U in Morg^ v g x as follows: The diagrams: 

A ® W {w f ) V CT A <S) W (v f ) V a 



P<T (U') F Pa + l{p) 



are commutative, as can be seen from U' = h~ l U^J h in conjunction 
with 

(13) F p a (h)a a+1 (p) = a a+ i(p)p a (^Jh) 

(14) (3 a+1 (p) F p a (h) = p a {^h)P c+x (p), 

and this exhibits an isomorphism Fib-'-(p, U') —> Fib-'-(p, U), namely 
the multiplication by p CT (/i)-map on the a-eigenspace Yihf-{p,U'). There 
are natural isomorphisms 

(15) Fib^+^p ® w(¥pr) p', U) - Fibgfy, U) ®a Fibg'-*V, CO, 

whenever the terms are well-defined and analogously for duality. Now 
we turn to the category of n-truncated 3n-displays over R with Q- 
structure, where we assume pR = 0. In this case there exists a canonical 
absolute Frobenius F : W n (R) — > W n (R) and again there is a canonical 
realization functor 

Fib^(p) : B£(S,/i) - (W n (R),F) - Mod£* 



whose existence is justified in a similar manner: Use Witt descent ([301 
Proposition 33]) to reduce to the banal situation and then argue as 
before. 



The sole reason for the introduction of the regularized cocharacters 
a a and j3 a , is to make the above functor sensitive to torsion phenomena. 
If one is willing to invert the prime p and restrict to n = oo, then there 
is no need to keep track of a and b and one could much more easily 
just work with ot a :— v„ and (3 a := v^ 1 , to arrive at the completely 
self-explanatory functor 



Fib(p) : B R (g,p) - (W(R),F) - Mod z/r %, 
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which has the evident advantage of being a W^(F p r)-linear rigid <g>- 
functor in the variable p. 

Unitarity becomes incorporated as follows: Let r be even and let 
X : Q x VF(F 5) — > G m be a character such that Xa ° A* is of weight c a , 
where 

(a a+ r , b a+ r) = [c a - b a , c a - a a ). 
Suppose there is a pairing ^ : V x V — > W(¥ p r), which satisfies 

3/) =r5 (*(?/, x)) 

and is W(F p r-)-linear in the first variable. The representation p is called 
unitary if ty(y(x),y(y)) = x(t)*(^2/) nolds ( for a11 7 e £(W(F 5 )) 
and likewise functorially). We can think of the pairing as a morphism 
ty a : Pa+z — > Xa ® Po- of £ x VT(F p /)-representations. This endows the 
(A, r)-module Fib-'-(p) with maps 

Fib^(p)-Fibf(p). 

Remark 3.4. If there exists at least one o"o G Z such that the weights 
of ^o-q are actually contained in the smaller interval [a ao , b ao — 1] (resp. 
[a ao + 1,6 CT0 ]), then Fib-'-(p) is F-nilpotent (resp. V^-nilpotent). This 
follows rather formally from (fl5l) if p 1 is taken to be the trivial repre- 
sentation. 

4. The fibered groupoid of twisted conjugacy classes, 

PART II 

Suppose that V = (P n , P n+ i, Q n +i, $n) is an object of B%(Q, p). By 
slight abuse of notation we will write zcr-p(p) for zuq 1 (p), where p is a 
representation of Q~ and Q\ is the level-0 truncation of V. One of 
the aims in this section is to show that Tp := zu-p(Ad-) behaves like a 
tangent bundle, provided that n = oo. We have to start with a weak 
substitute for the result [30j Theorem 44] in the language of our stack 

b(g,p). 

Definition 4.1. Let X be a W(¥ p f)-scheme. An (infinite length) 3n- 
display with Q -structure over X is called a display with Q -structure over 
X, if and only if X x W (w f )^pf has an affine open covering [j t Ui, such 
that 

Fib^OPxx^Ad), 

is F -nilpotent for all I, where Ad is the adjoint representation on the 
Lie algebra of Q , and a is a sufficiently small integer. 
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The full fibered subcategory of B(Q, p) whose objects are the displays 
will be denoted by B'(Q,p). The variants B'(C/,/li) and B' AJ (Q,p) are 
defined completely analogously 

For every ideal o in an VF(F p /)-algebra S we will write X 0)n (resp. j7o, n ) 
for the covariant set-valued functors that take any S'-algebra R to the 
inverse image of X n (R/aR) in H n (R) (resp. of J n (R/aR) in H.+ (R)). 
The functors X an and are sheaves for the fpqc topology. Notice 
also that T a%n (R) is the product of TL~(R) and J a ,n(R) in any order for 
any n, if pR + aR C radi?. If we suppress the ideal in the notation, 
then it shall be understood that a = pS, e.g. T n (R) is the inverse 
image of T n (R/pR) in 7i n (R). There exist Lie-theoretic analogs for 
these functors: Let us write i n for the functor (on W / (F p /)-algebras 
R) Res/ n q + © Resw„ 0~ and f) n for the functor (on W / (F p )-algebras) 

ResvK„ 0- Furthermore let i 0)n (-R) C t) n (R) stand for the subfunctor 
obtained as the inverse image of g~ ®w(F f ) R/aR, equivalently it is 
the sum of i n (R) and § n (aR) (for variable R). For every ideal b C R 
of vanishing square there exists an exact sequence: 

(16) -> i a , n (b) J a , n (i?) -» ia, n (R/b) -> 0, 

which follows from analogous sequences for the groups 7i n and X n , 
moreover the functor X Qjn acts on i a n by conjugation, basically because 
of analogous properties of TC n and X n . 

4.1. Twisted Frobenius maps, part II. We start with the simple 
observation that $ n has a Lie-theoretic analog 

4> n : i n+ i -> f) n x w(Fp) W(F p /), 

which is defined by V~ x (as in (jSJ)) on the positive summand, and by F n 
precomposed with the derived action of the endomorphism fi~ lnt (p) G 
End(^~) on the negative summand g~ = Lie(^~) (as in (jfJJ)). In two 
instances we need to extend the maps $ n to maps $ a , n , first assume 
that a 2 +pa = 0. This implies that F vanishes on W(a) and that there 
exists a canonical splitting 

(17) W n (a) = a®I n (a), 

which was introduced by Norman in the slightly different context of [201 
Section 1]. The group I^ n (R) is consequently the product of X n (R) and 
<£>w(F p ) &R and the latter subgroup is a normal one. Now we come to 
the definition of our functorial maps <E> ttin : X an+ i(i?) — ► TC n (R) by 

®a,n\x n +i(R) = ®n 

®W(V P ) Ra C ker($ a;n ). 
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This is consistent with g <8>w(w f) R a C ker($ n ) and the same proce- 
dure applies to get an extension of (fi n to a Lie-theoretic map aj „ on 
i a>n . Second, assume n = oo and that a is a pd-ideal in a p-adically 
separated and complete torsionfree ring S. However, this implies that 
(W(S), W(a) + I(S), F) is a frame over W(F p f), so that we merely have 
to appeal to our definition 

which was already introduced in the earlier subsection [321 We need the 
following version of the Grothendieck-Messing crystalline functoriality: 

Lemma 4.2. Let S be a W(¥ p f)-algebra, and let a be an ideal that 
contains some power of p. Suppose that one of the following three 
assumptions is in force: 

(i) a 2 +pa = 0. 

(ii) S is p-adically separated and complete, torsionfree and a is a 
pd-ideal. 

(iii) g + = and there exists a number N such that x N = for all 
x E a. 

Recall the group homomorphism $ n : X a (S) — > TC(S), which is well- 
defined in each of these cases (in case that (ii) holds this is the restric- 
tion of F olnt gXw{Vp)W{s)[ i ;] (iJ,(p)- 1 ), sending G{W{S)[±\) to itself, and 

in case (iii) holds one has & a = $ = $~ as X a = X = 7i = 7i~ ). Now 
suppose that 0,U G H(S) satisfy the nilpotence condition and fulfil 

= h- l U^ a h mod a 
for some h 6 X a (S). Then there exists a unique k 6 X a (S) such that 

(18) O = k^U^k 

(19) h = k mod a 

Proof. Without loss of generality we assume that h = 1. In the first 
case we set C for the map on the abelian group i a (a) = g ^>w(¥ p ) 
W(a) that sends some random lift X a (S) 3 k = 1 mod a to C(k) = 

[Z^/cO -1 . It is easy to see that every element x G Q ®w(¥ v ) W(a) 
satisfies C(k + x) = C{k) + c(x), where c is the map given by Ad(U) o 
<p a = Ad(O)o0 a , and where O is the previously introduced derivative of 
<l a (N.B.: On the whole of g ® W (f p ) W(S) the maps Ad(U) and Ad(O) 
may not necessarily agree but their restrictions to W(a) do agree). It 
suffices to prove that c is nilpotent on q ®w(f p ) W(a)\ The logarithmic 
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ghost map w' (along with the inclusion a C S) gives rise to the diagram 
®w{ ¥v ) W{a) g ® w{¥p) {S No ) 

®w(w P ) W(a) — ^ g (g) W(¥p) (S N °) 

where (ft* is defined using [x' , . . . ] t— > [a^, . . . ] in place of V~ l . Now, 
given that the former map is exactly the effect of the absolute Frobe- 
nius on the usual, non-logarithmic ghost coordinates, we see immedi- 
ately that the topological nilpotence of Ad(U) o 0* is implied by the 
F-nilpotence of Fib 0,1 ^, Ad). In the torsionfree case the proof is com- 
pletely analogous. For the third variant one may assume that pa = 
and N = p hold to then argue as in the proof of [3TH Lemma 42] . □ 

As a consequence we get the following result on the rigidity of auto- 
morphisms, it can be regarded as an analog of [30, Proposition 40]: 

Corollary 4.3. Let A be an a-adically separated W(¥ p f)- algebra, where 
a is an ideal that contains some power of p, and let <p be an automor- 
phism of a display with Q -structure V j A. Then (px^A/a is the identity 
if and only if <ft is the identity. 

Proof. By proposition 12. 71 and by an induction argument we can assume 
that a 2 + pa = 0. After passage to some affine fpqc covering we can 
also assume that V is banal. In this case, however, the result follows 
immediately from lemma 14.21 □ 

Suppose a is an ideal in a I¥(F p /)-algebra S such that p and a are 
nilpotent, and fix Vo G B' s < a (Q, (j). For a scheme X over Spec S we 
write X Q for X x Spec s Spec SJ a. By a lift of Vo over X we mean a 
pair (V,5) with V e B' x (g,/i) and 5 : V x SpecS/a X — V x x X . 
Isomorphisms between lifts are expected to preserve the respective 5's, 
in particular no lift has any automorphisms other than the identity, by 
corollary 14.31 Let T-p (X) be the set of isomorphism classes of lifts over 
X. By pull-back of lifts this is a contravariant functor on the category 
of schemes over Spec S. 

Corollary 4.4. Fix a display Vo over the ring S/aS with Q -structure, 
where a 2 + pa = 0: 

(i) The functor T-p possesses the structure of a locally trivial prin- 
cipal homogeneous space for the fpqc-sheaf 

X ^ T Vo ® s/aS aT{X, O x ) = Rom s/aS (f Vo , aT(X, O x )). 

(ii) (Spec 5)^0 
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Proof. Let us check that T-p satisfies the sheaf axiom for a fpqc map 
Y -f X: If the pull-backs pr*(P) and pi* 2 (V) of some (V, 5) G f Vo (Y) 
agree for the two projections pr 1; pr 2 : Y Xx Y — > Y, then this means 

that there exists a : pr*(P) pr^P) which restricts to the identity on 
x x ^o- We easily deduce the cocycle condition for a, because any 
equality of isomorphisms of displays over Y XxY XxY can be checked 
over Y x Xo Y x Xo Y , by corollary 14.31 This shows that V (resp. S) 
descent to X (resp. X ). 

We are now allowed to assume that Vq is banal, so choose a representing 
element U G TC(S/ a), indeed any lift of Vq over any X/ Spec S is going 
to be banal too, so we may restrict to the affine case X = Spec R from 
now on (cf. (ITT)) ), more specifically: Every lift over R is determined 
by a pair (U, h) G H(R) x l(R/aR), with U = h^U^h, and another 
pair (U',h') determines the same element in Tp (Speci?) if and only 
if U' = k~ 1 U®k holds for some k G T(R) with kh! = h (where U G 
TC(R/ aR) and k G 1{Rj aR) stand for the reductions mod aR). Recall 
that we defined a natural embedding of q <^>w{f p ) &R into i a (R) C 
TC(R). It is now evident that for iV G g ®w{f p ) the assignment 
(U,h) t— > ((&d(h)N)U, h) defines an action on T-p (Spec R), and that 
for iV G g~ ®w(f f ) aR that action is the trivial one. 
Now suppose that Uq is the mod a-reduction of some fixed U G Ti{S). 
Then lemma 14.21 tells us that every lift of Vo over R can be written as 
U' = NU, for a unique iV G g + ®w(f f ) &R- This finishes the proof of 
the part (i), and the final supplement is a straightforward consequence 
of [HI Chapter III, Proposition 3.7] . □ 

Definition 4.5. Let V be a display with Q-structure over a F_/ -algebra 

A, and let d : A — > Q\ ,„ be the universal derivation into the A-module 

A / ¥ v f 

of Kaehler- differentials. The map 

Q A ■ A -> A©fi\ /F -iHx + dfa;), 

/ pJ 

is a ring homomorphism, as the augmentation ideal Q\/ ¥ g'iven 

i/ie trivial multiplication. Consequently there exists a unique K v G 
Hom^(Tp,f2^ F ) which measures the difference between the elements 

Vx AfiA A®VL l AI¥ and V off v (Spec A .)■ We will call K v the 

Kodaira- Spencer element ofV. We will call V formally smooth (resp. 
formally Stale) if and only if A is a formally smooth F p / -algebra, and 
Kp is a split injection (resp. bijection). 
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Remark 4.6. The methods of this section have the following conse- 
quence: Let k be a perfect field extension of F„/, and let P be a 
display with (/-structure over k. Let V\ be the unique display with 
(/-structure over the augmented fc-algebra k © T-p , such that the dif- 
ference between V\ and Vq is measured by the element N = idf v . Let 

Vuni be an arbitrary lift of V\ to the power series fc-algebra fc[pV ]], 
the existence of such a lift follows from the part (ii) of corollary 14.41 
together with lemma 12. 9\ but it might fail to be a display. Still, it is 
easy to see that V un i is the universal formal deformation of Vq. This is 
completely analogous to [301 2.4]. See also [271 3.2.7 Remarks 8b)] for 
yet another setting. 

One can enliven this a bit more, suppose that V is a display with Q- 
structure over an algebraic variety X/k. Then U = {x G X\V x x 
Ox,x is formally etale} is Zariski open. Moreover, for all closed points 
x G X we have x G U if and only if the display V x x X;X is a 
universal formal deformation of its special fiber V x x k(x) (as usual 
k(x) := O x ,Jm x and 6 X , X ■= lim«_ X)X /va u x ). 

Corollary 4.7. Suppose that A is a sub-W(¥ p f)- algebra of B and that 
a is an ideal of A containing some power of p. Assume that one of 
following holds: 

(i) a is nilpotent. 

(ii) B is finite over A, and A is a a-adically separated and complete 
noetherian ring. 

Then for each pair V and T of displays over Spec A with Q-structure 
every two compatible isomorphisms (f) : V x& A/ a — ► T x^ A/a and 
ip : Vx^B — > T x^B are scalar extensions of some unique <fi : V — » T . 

Proof. For the first assertion we may also assume a 2 + pa = 0, so 
that the map allows to view T as a lift of Vq := V x a Aj a. Let 
N G T-p ®A/ a a measure the difference between the elements T and V 
of T-p (Spec A). Its image in T-p ®A/a has to vanish, according to 
the existence of if). Now the injectivity of T-p ®A/a o ~^ T-p ®A/ a dB 
yields = 0. 

Due to the Artin-Rees lemma and proposition 12.71 one gets the second 
assertion as a consequence of the first. □ 

4.2. Newton points and their specializations. Let us assume that 
the generic fiber G := Q Xvk(f p ) K(¥ p ) is a reductive algebraic group, 
and let A; be a pefect field of characteristic p. We have to recall and ap- 
ply some of the key-concepts in [22]: On the set of K(k) -valued points 
of G one defines the important equivalence relation of F-conjugacy by 
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requiring that V ~ b if and only if b' = g~ 1 b F g, for some F(A;)-valued 
point g, write B k {G) := G(K{k))/ ~ for the set of F-conjugacy classes, 
and B{G) := B F ac(G). Recall that any V G ObB Specfe (g^) is represented 
by the twisted conjugacy class of an element U G Q(W(k)), and observe 
that the F-conjugacy class of U F fi{p) 1 defines therefore a canonical 
element bp G Bk(G). From now onwards we assume the algebraic 
closedness of k, so that Bs pec fc({?, aO = £>Specfc({?, /x) holds. In this case 
matters are simplified even more as B k {G) = B(G) by [|22} Lemma 
1.3], and the same independence result is valid for the set of Newton 
points that we introduce next: Write Q ® G m for the pro- algebraic 
torus whose character group is Q and put 

Af(G) := (G(tf(fc))\Hom(Q® G m x K(k),Gx K{¥p) K(k))) <F> , 

where the left G(F(fc))-action is defined by composition with interior 
automorphisms, and where the action of the infinite cyclic group < F > 
is defined by v i— > F v. Every element b G G(K(k)) gives rise to a so- 
called slope homomorphism Uf, : Q (g) G m x K{k) — > G Xx(f p ) K(k), 
for which we refer the reader to loc.cit. Its formation is canonical in 
the sense that g^v^g = u g -\ b F g . Consequently, one is in a position to 
introduce the Newton-map: 

V : B(G) -> J\f(G);b i-> F(6) := PJ, 

here notice that the fractionary cocharacters F z/b and z/^ are lying in 
the same conjugacy class. 

Now fix a maximal torus T C G x K(¥ p ) ac . Consider its associated 
Weyl group fl, and its associated lattice of cocharacters X*(T), which 
is equipped with a left Q x Gal(F(F p ) ac /F(F p ))-action. There are 
natural inclusions 

M{G) c (n\x*(T) Q f^ K ^ ac / K ^ c n\x.(r)Q, 

moreover, the set f2\X*(T) K is partially ordered in a very natural way, 
as one puts Qx -< Qx' if and only if x lies in the convex hull of the fl 
orbit of x', cf. [22| Lemma 2.2(i)]. The same notation is used for the 
partial orders on M{G) and B(G) which are immediately inherited via 
the Newton map. 

Now let V be an infinite length 3n-display with (/-structure over an 
F p /-algebra R. Consider the function Speci? — > B(G) defined by 
bp(p) := bp XR k( P )ac. The following variant of Grothendieck's special- 
ization theorem (cf. J22j Theorem 3.6(h)]) will be used in the sequel: 

Theorem 4.8. If bo G B(G), and ifV is as above, then there exists a 
finitely generated ideal whose zero set is {p G Spec R\bp(p) -< bo}. 
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We would also like to adjust the inequality of Mazur to the needs 
of our category B(Q,fi): So assume that Q is reductive, and write B 
for a if(F p )-rational Borel group of G, and write T for a maximal 
torus of B. Pick an element 7 G G(K(¥ p c )) such that 7/i7 _1 lies in 
T and is dominant with respect to B. Pick a factorization 7 = 7172, 
where 71 G 5(if(Fp C )), and 72 G £(W(Fp C )), and define an infinite 
length banal 3n-display with ^-structure V or d/¥ p c by the representative 
l 2 1F l2 e 3(W(F£ C )), then we have (cf. [22J Theorem 4.2(h)]): 

Theorem 4.9. Under the above hypotheses on Q we have bp -< bp ord , 
for allVe 0b Bspcckig ^. 

Finally we arrive at the main result of this subsection: 

Corollary 4.10. Let k be a perfect field containing ¥ p f , and letVo be a 
display with Q -structure over k. Let V un i/k[[ti, . . . ,t d }}, be its universal 
formal deformation (d being the W(¥ p f)-rank of q + , see remark . 
Then the function bp uni attains the value b(V or d) at the generic point 
o/Spec . . .,t d )]. 

Proof. Lemma [2761 provides us with a family V G 0b Bu ^g ^ specializing 
to Vq and Vord, when evaluated at the closed points and 1 lying in 
an open subscheme U C SpecZ[t], for some finite extension I. The 
theorems 14.81 and 14.91 imply that bp attains the value b(V or d) at the 
generic point, clearly the same is true for V x v Spec Z [[£]]. Finally 
notice that the latter object descents to Spec(A; + t/[[t]]), and thus 
provides a morphism to Spec/c[[ii, . . . ,td}} showing that the function 
t>v uni attains b(V or d) & t some, or equivalently at the generic point of 
Spec k[[ti, ... ,t d ]]. □ 

Remark 4.11. We may deduce a simple criterion for whether or not 
V un i is a display, namely according to whether or not V or d is a display. 
This happens if and only if every i^(F p )-rational simple factor of G 
contains a i^(Fp C )-rational simple factor in which /1 is trivial. 

5. Flexibility, part II 

5.1. Gauges. Let V be a finitely generated torsionfree H^(F p 2r)-module. 
Suppose that the pairing \l/ : V x V — > W(¥ p 2r) is PF(F p 2r)-linear in the 
first variable and satisfies: 

V(x,y)* = -V(y,x) 

V = {y g Q ® V|tf (V, y) C W(¥ p 2r)}. 

Let GU(V/W(¥ p2 r), *) C Res w(¥p2r)/W(¥pr) GL(V/PF(F p2r )) be the W(¥ pr )- 
subgroup whose sets of i?-valued points are defined by the condition 
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^(j(x),j(y)) = m^/(x,y) for all x, y G R ®w(w p r) V, and let us write 
X '■ GU(V /W(¥ p 2r), — > G m ; 7 1— > m for the multiplier character. Let 
/ be a fixed multiple of 2r. In this subsection we introduce a certain 
averaging processes for cocharacters: 

v : G m x W(¥ pf ) -> Res w(v)/iy(Fp) GU(V/W(]B», 

First of all notice that giving v is equivalent to giving a family of 
cocharacters v a : G m x W(F p /) — > GL(V a /W(F p f)) each of whose duals 
v a (cocharacters of GL(V a /W(W p f))) coincides with ty a o v a+r up to a 

homothety. Here it is taken for granted that V a and : V a+r V CT 
are defined as in subsection 13.21 For any leZwe denote 

H (l) := 

and for any v : G m x W(Fp/) -> GL(V (T /W / (F p/ )) we will write #„(f) 
for the cocharacter acting with weight Hq(1) on every direct summand 
of V a on which v would act with weight I. 

Now fix a (mod r) multidegree d, and let us retain the notation err- 
and ujj for the indices in the images of d and d*. Let us write a a for 
the minimal, and b a for the maximal weight of v a on V a . From now on 
we wish to assume that (Resw(w p r)/w(w p ) x) v is equal to the diago- 
nal cocharacter (z, . . . , z) of ~Resw(F p r)/w{F p ) G m , which is equivalent to 
a a+r + b a = 1 for all a. Finally we denote b a — a a by w a . 

Definition 5.1. By a gauge} of multidegree d for v we mean a function 
j : Z — > Z such that: 

• For each a G Z and I G [a a , b a — 1] there exists a unique uo G Z 
such that d(uj) = o and = I. 

• j(w + r) = -j(u;) 

Notice that the first of the two conditions implies d(Z) D {cr|w CT 7^ 
0}. This allows us to define a cocharacter 

pd{u)-w 

(20) vM)=H ( J } dH ) 

for all lu. Clearly, the weights of v w are contained in [a w , 6 W ], where 

(21) a w = Hoiaa^) - 

(22) k = H (b dH - }(lu)) 

(23) = ft j( f 

otherwise 



32 



OLIVER BULTEL 



Notice that o u+r = 1 — b w , due to Hq(1 — I) = 1 — H (l). Furthermore, 
one sees that 



UJq U j 



E E 



J 3 



holds. Let us also define two "error homotheties" for the W / (F p )-group 
Res w{¥pr)/W{¥p) GU(V/W(¥ p 2r), *) by e a (z) = z a ° and e u (z) = z^ , one 
has 



F 3 i -1\ -1 



(24) n fw " ctj (^c x )= n 

uJ=LUj — i-\-l cr=(jj — \-\-\ 

moreover, the set of cocharacters occuring in the above product do 
mutually commute. 

5.2. Faithfulness of Flex, part I. Consider a homomorphism p : 
G -»■ GU(V/iy(F p2 ,), *) of group schemes over W(¥ p r). Notice that: 

Resvy (Fpr )/w/(F p ) £ x W(¥ pf ) = Yl Ga 

a=0 

where Ga = F Q = Q Xw(¥ r),F-<* W(¥ p f) (here F = Frobenius on 
W(¥ p f)). In order to give a $-datum p of Resw(¥ p r)/w(¥ p ) G over 
W(¥ p f) it is necessary and sufficient to give $-data p a for each of 
the groups G a - It will not cause confusion to write B n (G,p) instead of 
B n {Resw(¥ p r)/w(¥ p ) G, p)- Let j be a gauge of multidegree d for v : = 
(ReSjy(F r)/w(¥ p ) p) ° P, an d let v be as in (1201) . recall that we regarded 
it as a family of cocharacters v a for the groups Ga '■= GL(V cr /W / (F p /)), 

where a G Z/2rZ. Recall the group schemes Resw n Ga = 'Ha,n 3 ^o-,n 
that are associated to -Do- according to subsection 12 .21 In this subsection 
our aim is to introduce a family of fibered functors: 

(25) Flex^ j (p) : B n x +w (G,p) - 2$(GU(V/W(E>), 

where X is a F p /-scheme and where w := max{w CT } < p. We begin with 
a version of Flex for the fibered groupoid of <3?-conjugacy classes over 
an affine scheme X = SpecR. So consider some U a G Ga(W n+w (R)) = 
7~ian+w{.R) and define 
(26) 




F "^... FCTj+1 "" j_1 ^. +1 -i) uj = u 3 



d* (a)=u> 

The order of multiplication is the one indicated and does matter. Next 
we consider a family of elements k a G 2^ n+w+ i(R) , say, representing 
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an isomorphism between U a and O a = k~ l U a ^ n +™ ^k a+ i. Before we 
proceed to an analogous definition of elements we need a lemma: 

Lemma 5.2. Suppose k G X a \R), then 



/ioWs. i/ere z£ shall be understood that the right hand side is well defined 
in the following iterative sense: For every index uj G {ojj-i + 1, . . . , Uj} 

the element * UJ+1 °---°^ 3 p aj (k) lies in the subgroup i u (R), so that one 
may apply $ Uu to it. 

Proof. We begin with elements k G 0+ ®w(f f ) I(R) = Ja 3 (R)- Let us 
exploit that they have a Lie theoretic meaning too, and thus could be 
exposed to the derived operation 

0^ ®W(W pf ) Vj,l -> Vj,i + l, 

where © i= J a<T V^y = V CTj is the decomposition according to //^-weights, 
0+ being of weight one. This results in elements 

U G Homiv(F p/ )(V,y, V,-, i+ i) ®w(F p/ ) /(-R), 

which completely determine the image: 



Vo 



o 



/ 



of k under p a .. On the one hand the effect of on block matrices 
can be visualised as 

'A B\ ( F A v^B" 
C D) ^ \p F C F D 

on the other hand all interesting cuts I G [a aj: b aj — 1] occur exactly 
once (along with Uj — cuj-i — w aj many less interesting ones). This 
patches to give a matrix of the form: 

(I 
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where we have used the identity F " (II"=i V 1 x v) = v "(FULi 2 ^) 
which follows for arbitrary elements x u G I(R) from v (jf l ~ 1 TJ" =1 x u ) = 
n"=i V x v together with FV = VF = p, which is valid in characteristic 
p rings, Si means F 3 J_1 oV 1 t\. In the case of elements k in 7i~ (R) 
one can utilize 

p a] 0^{p)=v-^{p)op ap 

because p a (k) is a W(R)-valued point of the parabolic subgroup of Q a , 
that is defined by the ascending filtration Vj >aa , C ■ •• C ©;^ 5 Vjj. 
This parabolic is easily seen to be preserved by the pairwise commuting 
endomorphisms 

^o(^)- Int (p),...,^o(^T)- Int (p), 

Z ) z i> 

of which the composition is equal to v~ lnt (p). For a general k G X a . (R) 
one applies the corollary 12.21 on factorizations. □ 

The lemma allows us to define 



(27) 



and it proves the required compatibility 

q _ I-ir/ (<" +1 )£ , 

too. In the non-banal case one completes the definition of (125]) with a 
simple sheafification argument, which we leave to the reader. With a 
little bit of extra work one sees that the assignments in equation (j27l) 
come from actual algebraic group homomorphisms: 

■ Td(u>) X Fp/ — >■ X W p f. 

Notice that the diagrams 

2d(w+l) x F p / P " +1> x F p / 



and 



pd(u+l)-u-l op 

Hd( w +i)-i x F p / ► 7i w x F p / 



2d(w) x Fp/ — X w x F pf 
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are commutative, provided that d(u) ^ d(u> + 1), and otherwise 
2d( w ) x ¥ pf Z w x ¥ pf 

Tu+i x V ► x F p/ 

is a commutative diagram (the arrows without label stand for the in- 
clusions J d ( w ) x F p / C 7^ d(w ) x Fp/ and J w x F p/ C 7i w x F pf ). 

5.2.1. Compatibility with realizations. We need to point out a com- 
patibility with the realization functor of subsection I3.2L Let P be a 
n + w-truncated display with (/-structure over a F p /-algebra R, and 
let us write a — (. . . , a a , . . . ) and 6 = (. . . , b a , . . . ) for the invariants 
introduced in subsection 15.11 in the unitary case these are 2r-tuples, 
and r-tuples otherwise. For any P we have a canonical isomorphism 

W n (R)^ Wn+w{R} (F\ex d (Fib^(p, V))) = Flex d * od (Fib^(std, Flex dJ (p, P))), 

which follows from d = d o d* o d. Applying the functor Flex d od will 
be called the "rectification procedure". In case n = oo, we have a 
canonical isogeny: 

Q®Fib(p,P) ^ Q®Fib(std,Flex dJ (p,P)(^)), 
which follows along the same lines. 

5.2.2. Compatibility with the modulus character. We also need to point 
out a useful compatibility with the determinant of the tangent bundle, 
which was introduced in section HI if 

d*(dH) 

£ : =( n ff o(^))- i iP)o(p dM i e -j:^ r ^ dM e:c^,, 

(T=UJ-\-l 

then the diagram 

2"d(«) x ^ P f — ^ x Fp/ 

x Fp, ^ g- x F p/ 

commutes (notice that the higher levels of truncation are not at all 
preserved by p u , but they are rather shifted down by S^=w+i 
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Now observe that there is a canonical i/J,, -action on the W(F p /)- 
module F " dM 0^, simply by means of the composition 

in which the last arrow is the scalar extension of the adjoint action of Q~ 
on the Ty(F p /)-module Quj/qZ = dt- Consider the peculiar invertible 
ty(F p/ )-module 

(29) fj := det ftf"***""^ 



in order to put ch^ for the YY^Jq §a -character which is defined by it. 
The upshot are isomorphisms 

(30) sW-Wch) = ® ^v(ch«j), 

uj=0 

for any w-truncated 3n-display V with ^-structure over any F p /-scheme 
X. 

5.2.3. Compatibility with multipliers. There exists a canonical 2-commutative 
diagram 

B n x +w (G,fi) B n x +w (G m x W{¥ p r)^ l ) 

Flex£ j (p) 

££(GU(V/W(F p2r ),#),£) £^(G m xiy(F p ,),/^i), 
where the right vertical arrow is the truncation to the appropriate 
level. 

5.2.4. Faithfulness. From now onwards we will always assume that d 
is not a translation, i.e. d ^ |d|. In view of remark 13.41 this im- 
plies B(Q,fi) = £>'((?, /i). In the rest of this subsection we study a 
first faithfulness property of the product functor f] igA Flex d '-' i (p i , . . . ) 
where pi : Q — > GXJ(Vi/W(W p 2r), ^j) is a family of (possibly) unitary 
representations each of which is equipped with a gauge jj. Let us begin 
with the following triviality: 

Lemma 5.3. Let A be a ¥ p f -algebra which is separated with respect 
to the M-adic topology where M = {x G A\x p = 0}. Suppose that 
the product representation YlieAPi • @ ~^ TiieA GU(Vi/W(Fp2r), \t^) is 
a monomorphism. Then the product functor JT^ A Flex Ji (/?j, . . . ) is 
faithful (i.e. injective on morphisms). 
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Proof. In view of corollary 14.31 this is clear, because a close inspection 
of the formula (1271) shows that the kernel of rLeA Flex dji (/0t, . . . ) is 
killed by a power of Frobenius. □ 

From now on we do assume that F^aP* * s a nionomorphism, we 
have a very important corollary: 

Corollary 5.4. If k is any field extension of ¥ p f, then the product 
functor riieA Flex d '^(pj, . . . ) is faithful over the ring R = k per f 0^ k per f . 

Proof. We must prove that R satisfies the criterion of the previous 
lemma. In order to control the situation we use a p-basis {xi\i G /}, 
so that every element of k has a unique representation as a sum x = 
J2 n a n%~ where n = (. . . , n i; . . . ) runs through the set of multiindices 
with p — 1 > n j > an rij = for almost all i. It is easy to see that k per f 
is the quotient of the polynomial algebra k[{t ij£ \i G / , e = 1, . . . }] by 
the ideal which is generated by t p ie+l — ti >e and t p x — x«. It follows that 
fcperf ( g )fc fcperf j g quotient of the polynomial algebra k per f[{si te \i G 
I ,e = 1, . . . }] by the ideal which is generated by s p e+1 — s ie and sf 1; 
so that M is generated by the set {sj i}. We deduce that there exist 
ring endomorphisms 9j : R — > R, defined by 

o % i I 

for every finite subset Jq C /. Now M v is generated by the set 
{s x -| Yli v i = u }- The only multiindices which give rise to non-zero 
products are bounded by Vi < p, and these are seen to involve factors 
indexed by at least many elements of /. Consequently 9i (M u ) = 
if Card(To) < ^y, and this shows f] v M u = 0. □ 

Remark 5.5. The results of this subsection apply mutatis mutandis to 
the case of linear groups: 

(31) FlexJ j (p) : B n R +w (G,v) - B n R (G m x GL(V/W(¥ p r)),v), 

where V is a finitely generated torsion free W / (F p r)-module. Do notice 
however that even in this case we are actually working with a highly 
non-split W(¥ p )-gioup namely: Res W ( Fpr )/ w{¥p )(G m x GL(V /W(¥ p r))). 
All further results in this paper will apply simultaneously in the unitary 
and in the linear situation (although some of our notation indicates 
emphasis to the unitary case). 

There is only one notable aspect, in which the unitary situation is very 
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slightly different: Notice that 

a*- ^2 5w = &<j_ XI ^ = ^+ r ~ X a<T + 

a£Z/2rZ o;GZ/2rZ a&Z/2rZ weZ/2rZ uieZ/2rZ aeZ/2rZ 

and therefore Ylaez/2rZ e ° = Yi^eZ/2rZ Contrarily, the cochar- 

acters Ylaez/rz F ' * e ° anc ^ ELez/rZ ma y we ^ ^e different in the linear 
case. 

5.3. Separatedness, part II. We are now able to state our first se- 
rious result: 

Proposition 5.6. Let F_/ C A C B fe o rinj extension. Let V and 
T be displays with Q -structure over Spec A and let ipi be isomorphisms 
between F\ex d '^(pi,V) and Flex d '^(pj, T). Assume that one of the fol- 
lowing two assumptions is in force: 

(i) The nilradical of B is trivial and 
(32) A = B n <[A 

holds, the intersection taking place in tf~B. 

(ii) The nilradical of B is nilpotent and A is noetherian. 

Then the family of isomorphisms (. . . , tpi, . . .) has a preimage under the 
product functor YlieA Flex d ^(pj, . . . ) if and only if the same statement 
holds for the scalar extensions (. . . ,ipi B, . . . ). 

Proof. The functor YlieA Flex d, ^(pj, . . . ) is faithful over B and over A, 
in both cases (i) and (ii), in particular a preimage over A is always 
unique and it exists if and only if the given preimage 4>b G Hom(V 
B,T x^B) descents to an isomorphism between V and T. It seems to 
be elementary to check the case (i) of the assertion directly from the 
formula (1271) . More general, let us say that the t/Vs become flexed over 
some A-algebra B' if one has found a preimage of (. . . x^ B', . . .). 
We do the proof of (ii) in several steps: 

Step 1. A is a product of finitely many fields. 

It is clear that we can reduce the situation to the case of a single field, 
in which case B can be assumed to be a field as well, in fact B can be 
assumed to be equal to the perfection of A, according to part (i) of our 
proposition. Now we merely have to prove that the scalar extensions 
by means of the two maps B B ®a B give the same answer when 
applied to the isomorphism As these are still preimages of the 
ipi x A (B ®a B)' 8 we conclude by using corollary 15.41 

Step 2. A is a reduced complete local noetherian ring. 

By the previous step and part (i) of proposition 15.61 we know that the 
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ipi's become flexed over the normalization A'. Now part (ii) of corollary 
14.71 and [TU] Theoreme (23.1.5)] tell us that we only need to know that 
the ipi's become flexed over Aj rad(A) which is dealt with by another 
application of the previous step. 

Step 3. A is a complete local noetherian ring. 

This case follows from the previous step and part (i) of corollary 14.71 
Step 4. A is a reduced local noetherian ring. 

By step [1] we do know that the ip^s become flexed over K(A). By the 
previous step we have the same result over the completion A. Due to 
A = An K(A) this is sufficient. 

Step 5. A is a general noetherian ring. 

As before we can assume reducedness. By (flatness of A p and) the 
previous step we have that the ^'s become flexed over the local rings 
A p . Now use A = HpeSpccyi A>> the intersection taking place in K(A). 

□ 

Here is a separatedness property of as promised in the title of 
this subsection: 

Theorem 5.7. Let A be a noetherian ¥ p f -algebra and let V and X 

be displays with Q -structure over Spec A and let be isomorphisms 
between Flex d '-' i (pj, V) and Flex d, ^(pj, X). Then there exists an ideal 
I C A, such that the following two assertions are equivalent for all 
A-algebras B with nilpotent nilradical: 

(i) There exists an isomorphism <pB '■ V x^B — > X x^B such that 
F\ex d ' i '( Pi ,<f) B ) = tlj i x A B 

(ii) BI = 

Proof. It is clear that the set I = {I C v4|the xpi's are flexed (mod /)} 
is stable under intersections of finitely many ideals, and it is also clear 
that =: Jo G X is all we need to know. The ring Yliei A/ Vl ='■ B\ 
is reduced, and so we know a/To G X. The nilradical of Wx^iaJh, A/I ='■ 
B 2 is nilpotent and so we know that Iq G X. □ 

5.4. Faithfulness of Flex, part II. Let {p,}j 6 A be a family of (pos- 
sibly unitary) representations. If one has fixed gauges jj for Vi = 
(Resiy(F p r)/vK(F p ) Pi) ° yU of some common multidegree d then we will 
say that the family is gauged. Recall that we have constructed a spe- 
cific cocharacter 

Vi-.GmX W(¥ pf ) -> Res wiWpr y w{¥p) GU(Vi/W(F p2 r), ^) 
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from Vi and jj. For each subset tx C A of odd cardinality we need to 
introduce a further unitary group cocharacter 

G m x W{¥ pf ) -> Res w( F p ,)/H/(F p) GU(V./^(F p2r ), ^) 

where (V^,^) is defined to be the skew-Hermitian iy(F p 2r)-module 
(£) ie7T Vi, and where v n is defined to be the product of the central 

l-Card(ir) 

cocharacter z i— > 2 2 with the image of the diagonal cocharac- 
ter (...,{;»,...) under the natural homomorphism 

W : ]jG\l(Vi/W(W p2 r),%) -> GU(V 7r /W r (F p2 .),* 7r ), 
■ieA 

that is given by the tensor product of the factors. Furthermore p n will 
stand for the natural representation PTroILeA /°*> finally write a = ^ 
and ditto for 6, w, a, b, and w, and let w be max{w ii0 -|i £ A, a £ Z}. 

Definition 5.8. Fzx a gauged family {pj}i £ A «s above. A subset 71 C A 
of odd cardinality is called multiply able if the weights ofv n are contained 
in {0, 1}. ^4 set II 0/ subsets is called strict if the following statements 
are valid: 

(51) Each element ofll is multiplyable 

(52) riieAPi • & ~ * YlieA GU(Vj/W / (F p 2r), ^j) zs a closed immersion 

(53) TTie generic fiber G is the stabilizer of {J n( z U Findc{V n ) 

Remark 5.9. If one assumes that p is odd and that Q is reductive, then 
ELeAP* is a closed immersion if and only if its generic fiber has that 
property ([2TJ Corollary 1.3]). Hence in this case the condition (S2) is 
a consequence of (S3). 

Furthermore (S2) implies that Q agrees with the Zariski- closure in 
rL e A GU(Vj/W / (F p 2r-), \l/j) of its generic fiber, and in turn this implies 
that one can pin down a constant c such that Q is the stabilizer of 
Hc = End G ((g) jeA Vf c ), cf. m Proposition(1.3.2)]. 

For every n + w-truncated 3n-display V with ^-structure over R/¥ p f, 
and for every multiplyable tt we obtain: 

W n (R) ® Wn+w{R) (Flex d (Fib^( P7r ,P))) = 

Flex d * od o Fib^(std, (9) Flex dJi 0oi, V)), 

from subsubsection 15.2.11 According to lemma 13.21 and remark 13.31 it 
follows that we obtain a canonical functorial homomorphism 

pl^lEndcCK) -> End| /arZ (Fib^(std,(g). Flex d ^( Pi , P))), 
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whence it follows the existence of a canonical ring homomorphism: 
(33) 

W(¥ p2r ) +pl d * od l +1 End g (K) =: O l „ % End((9) Flex d ^( Pl , V)). 

The right-hand side graded tensor product is constructed along the 
lines of j3l Proposition 4.3], equivalently observe that there is a natural 
functoriality 

B{g n ) : n^(GU(V 4 /^(F p2r ),^),^) - B(G\J(VjW(¥ p 2r),^),v n ), 
ieA 

because the interior actions of g n (. . . , Wj, . . . ) and v n agree. Now we 
return to the situation in theorem 15.71 and study some necessary and 
sufficient conditions on the ^'s to arise from an isomorphism 0: 



Corollary 5.10. Let the assumptions be as in theorem 5.1 Let II be 



the set of multiply able subsets n C A such that the isomorphisms 

(9) Vi : ® Flex d ' j <(p J; V) 3- (9) Flex d ' j *( Pi , T) 
are O^^-linear. IfU is strict, then the ideal I which was proven to exist 



in theorem 5/7 is nilpotent 



Proof. By what we have shown already we can assume that A is an 
algebraically closed field, in particular V and T are banal, and hence 
represented by graded display matrices U a ,O a G Q a (W(A)). We are 
allowed to assume that U a = O a = 1 for all a outside the image of d, 
so that formula (1261) reads: 



Ui. 



and similarily for Oj )£J . Now assume that we have 



It is straightforward to check that the families (. . . , k itLU . . . . ) = k u con- 

Uj — — ~ ■■ — — f~- I \ - -U j , 



stitute elements in Q w . and thus can be written in the form 3 pi(k a ). 
The difficulty lies in checking that indeed k a G X aj (A). Notice how- 
ever, that C7j j£J = Oj j£J = 1 for all u outside the image of d*, and 
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consequently 

77- 1 Z, n. 



u 3- 



( n ^-^M^r^huM n fu ~^\m) 

UJ=UJj — l-\-l UJ=U)j — \-\-l 

PA k aj ) 



where we have used lemma E2J Given that U i ^._ , k i ^ j _ 1 ^ and Oi jLUj _ 1 

are elements in H LUj _ 1 (A) we get the integrality of 3 k a . which was 
sought for. 

For elements u outside the image of d* it is important to understand 
that the corresponding families = (. . . , ki >UJ , . . . ) might not consti- 
tute elements in Q u , in fact they are of no significance. □ 

We have to work with two more fibered categories, assuming that 
a gauged family and a set II of multiplyable subsets of A are fixed: 
For every iy(F p 2r)-scheme X we define 23^ to be the groupoid of data 
({<Si}ieA, -OvrKen}) where 

• Si is a n-truncated 3n-display with GU(Vj/W(F p 2r), \l/j)-structure 
over X, for every i G A. 

• s n : Ol^ — > End((^) ig7r iSj) is a ^-preserving ring homomorphism 
for every tt G II, where Ol^ is as in (|33|) . 

This is a again a stack over W(W p 2r) for the fpqc topology (the iso- 
morphisms in are tuples Q : S' { ^ Si such that the diagrams: 

®<er* ®ie^ 



(a) 



®,er3 

commute for all 7r G IT and a G Cl^). Analogously we define <Lx to 
be the groupoid of data ({Mj} i£ A, {^vrlyren}) where 

• Mi E Vecx and V* G Vecs P ecW(F ar) nave the same constant 
rank for every i G A. 

• : — > Endo x ((^).. e7r Afj) is a lV(F p 2r)-linear ring homo- 
morphism for every 7r G II, where Ol v is as in fl33|) . 

The significance of £ stems from the fact, that for every p-adically 
separated and complete ring R, there are natural forgetful functors 

&K,R '■ ^R £w„+i(ii), 
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which are induced by passage to the cr-eigenspaces of the underlying 
modules (in the sense of subsection 12. 7p for all n including oo. The 
significance of Q3 n stems from the product functor 

(34) J] Flex d ^(p 4 ) : B n+W (G, //) x w{¥pf) ¥ pf - «8 n x w(¥p2r) ¥ pf , 
ieA 

which is naturally induced according to (1331 . Let us now fix a F p /- 
scheme X and an object ({<Si}j e A, {s^^fzu}) of *B^. By a flexibilisator 
for ({Si} i£ A, {sTrj^gn}) over an X-scheme X we mean a 2-commutative 
diagram 

X ► X 



B n+W (g,^x w{¥pf) ¥ pf > <B n x w(¥p2r) F pf 

and we will simply say that ({<Si}i e A> {•s 7I -} 7 ren) becomes flexed over X 
if there exists at least one such diagram. If X = Speci? and n = oo, 
then the following holds: 

• If R is separated with respect to the M-adic topology, where 
M = {x G R\x p = 0}, then no flexibilisator has non-trivial 
automorphisms, 

• whenever R is perfect or noetherian and reduced then flexibil- 
isators are unique up to unique isomorphism. 

It is practical to have the following principle as a reference: 

Corollary 5.11. As above, we fix a gauged family of representations 
{pi}ieA and a strict set of subsets IT. Let F_/ C A C B be an extension 
of reduced noetherian rings and let C be a faithfully flat noetherian 
reduced A-algebra. Assume that ({Si} ie \, {s^^^u}) is an object of 
^SpecA which becomes flexed over B and over C . Suppose that one of 
the following two assumptions is in force: 

(i) The condition (13"2"|) is satisfied, B is essentially finitely generated 
over A, and 

(35) C ® A </A = <fC 

holds (as C -algebras). 

(ii) Every maximal point of Spec B is mapped to a maximal point of 
Spec A and belongs to a separable residue field extension, and 
C is essentially finitely generated over A. 

Then ({5j} i6 A, {s^^n}) is already flexed over A. 
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Proof. Choose preimages V / B and T/C of Si x A B and Si x A C un- 
der the product functor Yli Flex d *k . . . ). Notice that in the (i)-case 
the maximal points of SpecC are mapped to the maximal points of 
Spec A and belong to separable residue field extensions, by a theorem 
of MacLane, hence the A-algebra B ®a C is noetherian and reduced in 
both cases, so that V x B (B ®aC) = T x c (B ®aC) canonically. Now 
use V/B to construct a descent datum for T x c (B ®^ C) relative to 
the fpqc morphism B —* (B ®^ C) and use proposition 15.61 to restrict 
it to a descent datum for T relative to the fpqc morphism A —>■ C. □ 

Remark 5.12. In the same vein one would obtain a similarily satisfac- 
tory variant of the part (i) of corollary 15.111 if A — > C was required to 
be a normal morphism with A integrally closed in B. See [TUl Propo- 
sition (6.14.4)]. 

Suppose a ring B was reduced and faithfully flat, essentially finitely 
generated and generically separable (in the sense of part (ii) of the pre- 
vious corollary) over some noetherian subring A. It follows that every 
flexibilisator over B comes from A. 

We have used several times that property (|32|) is preserved under flat 
base change to A-algebras C with property (|35|) . The same is true for 
the morphism A — > [] m A m (which may or may not satisfy (I35I) ). This 
leads to the following analog of part (i) of 15.111 

Corollary 5.13. Suppose that A is a reduced noetherian ¥ p f -algebra 
which happens to be equal to K(A) fl {/~A. Then the previous assump- 
tions on {pijjgA and II imply that an object ({5j} ie A, {sTi-Ken}) of 
23specA is flexed over A if and only if the same holds over all local- 
isations A m . 

Proof. The whole point is that C = Y[ m is faithfully flat over A and 
that 

(II An) ®A (II An) C ([[K(A)) ® K(A) (l[K(A)) 
m m m m 

satisfies condition (152"j) : Given that the inclusion Hm^m C rim-^'(^) 
satisfies this already by assumption, this fact is easily implied by the 
fact that the base change by means of the morphism A — > n m ^ m 
preserves condition (1321) . as does A — > rim^tA)- ^ 

6. Windows with additional structure, part II 

Fix a <I>-datum (G, fi). The following is an analog of the main result 
in [29], for our category B'(^,p): 
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Lemma 6.1. Let (A,J,t) be a frame over W(F p f). The canonical 
functor 

5 : B' A j{G,n) -> B' W ( A)w{J)+I{A) (g,fi) = B' A /j(G,fJ>) 

that is induced from C artier' s diagonal map A —>■ W(A) is an equiva- 
lence of categories. 

Proof. In the torsionfree situation the ghost map is injective, and it 
is well known that one can use the Frobenius lift to give a precise 
description of the image: 

w : W(A) 4 {(w , . . .) G A n °\w i+1 = r( Wi ) (mod p i+1 )}, 

This implies the congruence F x = r(x) mod W(pA), recall that Witt 
vectors x,x' G W(A) have the same image in W(A/p s A) if and only 
if the components of their respective ghost images w, w' G A Na satisfy 
Wi = w\ (mod p t+s ), cf. [301 Lemma 4]. 

The functor is fully faithful. Now consider some U G Dbn, , r „ 

i.e. some U G TC(A) which satisfies the nilpotence condition. Observe 
that F U = t(U) mod W(pA) holds. Part (ii) of lemma 14.21 implies the 
existence of some X pA (A) 3 h = 1 mod W(pA) with 

F u = hr l T{ufp A h. 

By a recursion argument one easily finds h = r(m) F m _1 , for some 
m G T pA (A) and thus 

F (m~ 1 ?7 4 ^m) = ^m^fT^m). 

According to the introductory remarks of section H] and the general- 
ization of the canonical splitting ffT7|) due to [30, 1.4] one can find a 
factorization m = mm + where m G I{A), and m + G + ®w{w f ) pA. 
Write U' := m _1 C/ $ m G (g M ), this is the required preimage of U, 

as m + lies in the image of 5. □ 

Remark 6.2. The same argument shows that there exists an equivalence 
B' A (g,n) - B^^./i) - B' A (0,,x). 

6.1. Algebraic Connections. Let X be a smooth S'-scheme with 
sheaf of Kahler differentials Q X /s- As usual we extend the differ- 
entiation d : Ox — » ^x/s 1 ^° an endomorphism (still denoted by d) 
on the exterior algebra @ m in such a way that the Leibniz rule 
d(r]iAri2) = d(r)i) Ar] 2 + (— l) de e( T /i)^ 1 Ad(r) 2 ) holds, so that in particular 
d o d = 0. By a connection (relative to S) on some T G Vec^ one 
means a map V : T — > fi^/s ®o x satisfying an analogous Leibniz 
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rule, and again this extends canonically to an endomorphism on the 
whole of m Q'x/s ®o x ? the sheaf of so-called JF-valued differential 
forms on X, see [5j. Sections killed by V are called horizontal, and 
the map V o V can be written as 77 1— > R A 77, where R is called the 
curvature of V, it is a global section in the T ®o x -^-valued 1-forms 
on X (in fact a horizontal one). If R vanishes, then one calls V in- 
tegrable, write Sys x / S for the class of vector bundles on X, equipped 
with an integrable connection, relative to S. The sets of horizontal Ox- 
module homomorphisms define an additive rigid £*D-category structure 
on Sys x / S (and so they would without the integrability condition). 
Suppose, for instance, that T G Vecx is isomorphic to O x . The 
connections on JF can be written in the form d + D, for some D G 
T(X,Q X , S ®o x F ®o x J 7 ), furthermore the horizontal isomorphisms 
from some (O x ,d + E) to (O x ,d + D) are those u G GL(h,T(X, O x )), 
such that 

(36) uEu' 1 - d{u)u- 1 = D 

Finally, notice that R = d(D) + D A D, furthermore the above implies 

(37) uQu- 1 = R 

where Q is the curvature of d + E. From now on we assume that S is 
a scheme over a Dedekind ring B, and that Q is a smooth affine group 
scheme over B. By an integrable connection V on some locally trivial 
principal homogeneous space P over X, we simply mean a Sys x / S - 
valued rigid ®-functor factorizing the twisted fiber functor vop (see 
e.g. [23, VI. 1.2. 3.1]). Suppose, for instance that P is trivial, so that 
zo-p = Ox <S>b c^o • ft i s immediate that every D G Q X / S ®b gives rise 
to a connection on each uj-p(p), namely 

(38) V D (p) :=d + p der (D), 

clearly one has Vd(pi ®b P2) = ^d(pi) ®o x Vd(p 2 ) for any p u p 2 G 
Rep (Q), and similarly for duality, furthermore the curvature of V^(p) 
is equal to p der {d(D) + ) , and in the sequel we will refer to the ex- 
pression d(D) + as the curvature of the 0-valued 1-form D. Now 
assume that E and D are both g-valued 1-forms with vanishing cur- 
vature, and consider some element u G Q{X). The resulting automor- 
phism of w-p(p) is an isomorphism (m-p(p), Ve(p)) — * Vc(p)) 
in Sys x / S if and only if 

p der (Ad(u)(E)-D) = d(( P ( u )) P ( u y 1 . 

The right-hand side of this equation can be rewritten in an aesthetically 
pleasing way: Consider r\ p = d(fi) A / 2 where f\ is the inclusion of 
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GL{w%(p)/B) into End B (cc^(p)), and f 2 {g) = fi(g 1 ). It is worthy of 
remark that the 1-form r\ p is right-invariant, so let r\g be the canonical, 
so called Cartan-Maurer, right-invariant g- valued 1-form on Q. One 
has p der {rjg) = rjpO p. Hence u is a horizontal, provided that 

Ad(u)E — D = 7]g o u 

(where o denotes the pull-back of a differential form by means of a 
morphism). Connections are related to displays: 

Proposition 6.3. Let V be a display with Q -structure over a smooth 
W v [k) -scheme X, where v is a positive integer and k is a perfect field 
containing F p /. Then there exists a canonical connection Vp on the 
composite of the <S> -functors: 

Re Po (g x W(W pf )) - Rep (g-) ^ Vec x . 

The formation of V-p is functorial in V and it commutes with base 
change in the following sense: Whenever there is a diagram 

X' ► X 



SpecW u '(k') ► Spec W v ( k) 

where u f < v and k' is a perfect field extension of k, the canonical 
isomorphism Ox> ®o x w v — w v is a horizontal one, if the left-hand 
side is endowed with V-p and the right-hand side is endowed with V-p/ ; 
where V := V x x X '. 

Proof. It clearly suffices to consider an affine basis X = Spec R, and in 
fact the part (ii) if lemma 12.51 tells us that it is sufficient to consider 
a banal display, so that the ®-functor in question is just R ®w(f p ) ■ 
So choose a p-adically formally smooth, separated and complete ring A 
with Ajp v A = R, such a ring is unique up to non-unique isomorphism. 
Let Cl\ be the formal Kahler differentials of A. Now one can reduce the 
construction of Vp from the following, slightly stronger problem: Given 
any U G Q{W(A)) (regarded as a banal display with an auxiliary lift 
to A), find an associated element D v e Cl\<S)Q, such that the following 
holds: 

(i) For all h G T{A) we have Ad{wo{h)){Du>) — Du = gg o wo(h), 
where wq denotes the Oth component of the ghost map and U' 
stands for h~ x \J^h 

(ii) d(Du) + = o 

Let 9a '■ A — >• A © Cl A be the map x i— > x + d(x), and let U' be the 
image of U under the map W(9a). Notice that Cl\ is a pd-ideal in a 
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p-adically separated and complete ring, so that the part (ii) of lemma 
14.21 grants the existence of a unique k G H(A®Cl\) with k~ l U^ a k = U' 
and 1 = k mod Cl\ (this particular pd-ideal contains no powers of p, 
so that one might rather look at the pd-ideals a := p n A © Cl\ in the 
first place, and afterwards use the uniqueness of k in order to pass to 
their intersection). That equation can be rewritten as: 

U^kU' 1 = kiu'u- 1 ), 

and given that all of the elements U^ a kU~ 1 ) k, and U'U^ 1 are = 1 
mod Cl\ the above problem is solved by Djj := wo(k), which can be 
regarded as an element of fl\ © g. The vanishing of the curvature is 
postponed until lemma EH D 

Suppose that A is a p-adically separated, complete, and formally 
smooth jy(F p /)-algebra with module of formal Kahler differentials 
If r is a Frobenius lift, then so is the map 

A © n\ -> A © Cl\; x + x i d Vi i - > T ( x ) + T ( x i) dr (yi)i 

i i 

which we continue to denote by r (here notice that vy\~ X dyi = dy\ = 
dr(yi) (mod p)). We would like to translate some of the previous tech- 
niques into the language of windows, so suppose that U G G(A) satisfies 
the nilpotence condition, define U' G G(AQ)&\) as above, and suppose 
for a while that the equation 

[A kU' 1 = k(U'U- 1 ) 

held for some element Q a (A © Cl\) 3 k = 1 mod Cl\, where a = 
pA © Q\. Plugging If®" kU -1 , k, and U'U' 1 into Cartier's diagonal 
map 5, would reveal that the construction of the above jj-valued 1- 
form reads: 

D S(U) = w o{$( k )) = k 

(regarded as an element in the kernel ker(Q~(A © Q\) — > Q~{A)) = 
Cl\ ©0.) The existence and uniqueness of that g-valued formal 1-form, 
can be justified independently of lemma I4.2t 

Lemma 6.4. Fix U G G(A), where (A,pA,r) is a formally smooth 
frame over W(¥ p f). Let us write <fi* for the r-linear map on © m _^ fi™© 
which is given by the compositon o/r©id with id © Ad(/x(p) _1 ) (notice 
that "m = 0" is omitted). If U satisfies the nilpotence condition, then 
there exists a unique element Dy G fl\ © g with Ad(U)(^* Dy) — D v = 
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rjg o U , furthermore, the curvature Ru = d(Djj) + ^ Du, ^ >u ^ £ Cl\ <g> g 
vanishes. 

Proof. This is analogous to [3J Lemma 2.8]. The nilpotence condition 
implies that D \— > Ad(£/)(^*.D) — rjg o [/ is a contractive map for the 
p-adic topology, so there exists a unique fixedpoint Djj. We have Ru = 
Ad(U)(^* Ru), again this has a unique solution, namely Ru = 0. □ 

6.2. Formal Connections. We want to look at A :— W(ko)[[ti, . . . , td)), 
where the field ko is an algebraically closed or an algebraic extension 
of F p f and d := ra.nk W (j f )Q + - Let us fix the Frobenius lift deter- 
mined by r(ij) := . Any display Vq with ^-structure over k is au- 
tomatically banal, and hence represented by some U E Q{W(k )). 
Choose a PF(F p /)-basis {N 1 ,...,N d } of g + . Assume that Q is re- 
ductive and that \i fulfills the criterion in remark 14.111 Then we 
have U\ := e + (tiA"i + • • • + tdNd)Uo E 0i>B' A (g,fi), so that the ele- 
ment U uni := 5(Ui) E Dbg' (g i(U ) represents the universal formal mixed 
characteristic deformation V un i of Vq. This object has a rich amount 
of symmetry: For every 7 E Aut(Po), there exists a unique pair 
7 , s 7 ) E 1(A) x. Aut(A/W(fco)) with: 

• s (U ■) = hr l U 

• /i 7 is a lift of 7 G X(A; ) 

We will be particularly interested in the truncated version (u 7 , s 7 ) G 
£ _ (A) x Aut(y4/PF(A;o)), where w 7 := w (h 7 ). Let L>i be the 1-form 
that corresponds to Ui, as has been pointed out before. Dwork's trick 
provides us with an element 6 G Q(K(k ){{ti, . . . ,td}}) satisfying: 

0(O,...,O) = 1 

Q- l U/ ^p)- l r(Q) = U^^p)- 1 
%»6 = -Di 

(the last equation has to be interpreted in K(k ){{ti, . . . ,td}} ®a 
Cl\ =: ^jf( fco )rr tl t d }})- Note the following consequence: An arbi- 
trary element (u,s) E Q(K(k ){{ti, . . . , t d }}) x Aut(A/W(k )) lies in 
lnt(G)(g(K(k )) x Aut{A/W{k ))) if and only if 

(39) Ad(u)s(D 1 ) -Di =1)5011, 

here the right-hand side is again the image of r]g under the map Qg — > 
^x(fc ){{*i t d }}' an d the left-hand side utilizes the natural action of 
Aut(A/W(fco)) on ^ K(h 

(u, s) horizontal with respect to D\ if (1391) holds. The canonicity of .Di 
shows that the elements (w 7 , s 7 ) are indeed horizontal with respect to 
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D u for all 7 G Aut(V ). 

After these preparatory remarks we are able to state and prove the 
important technical fact that D\ tends to be complicated as can be. 
More specifically, write G and G + for the generic fibers of Q and Q + and 
let Z C G be the center, and let G spc C G be the smallest algebraic 
subgroup containing the commutator of the fC(F p /)-groups G + and 
Gx K{¥p) K{¥ pf ), then we have G + C G spc x K(¥p) K{¥ pf ), and G spc <G. 

In the following result we call any b G B ¥q (G) basic if • • FS b G 
Z(if (F p )) for a suitable s G N. 

Lemma 6.5. Under the assumptions and with the notations at the 

beginning of this subsection we have D\ G Cl\ <S>k(f p ) Lie(G spc ). 

Let p : Q — > GL(V/W / (F P )) fre an object in Rep Q (Q) and recall that 

there is an associated (A, r) -module ^v uni (p\g-) — Fib(p,U~i). Let V : 

Fib(p, U\) —>■ Q\ ®a Fib(p, U\) be derived from the formal 1-form D\, 

by means of the formal analogue of fl38|) . and assume that the following 

holds: 

• ko is a finite field. 

• bp G Bk (G) is a basic element. 

• V has no non-zero G spc -invariants. 

Then M := Q <g> Fib(p, U\) has no V '-stable Q ® A-submodules of rank 
one. 

Proof. By the right-invariance of the Cartan-Maurer form one has: 
r]goU x = r]go e +(tiJVi + • ■ ■ + t d Ar d ) G ® x(Fp) Lie(G spc ). Hence 
the p-adically contractive map D \— > Ad(Ui)(^* D) — r)g o U\ preserves 
&a ®x(f p ) Lie(G spc ), because Lie(G spc ) is a Lie ideal. 
It does no harm to replace fco by a finite extension, and hence we can 
assume Aut^o x fco /cq c ) = Aut('Po), and that Z splits over K(ko), i.e. 
there exists a finitely generated Gal(i^(/c )/-ft'(F p ))-module X, whose 
Cartier-dual is Z. Now let J 7 be a V-stable submodule contained in 
M = Q<g)A <S)w(¥ p ) V. The Z-action on Q <g> V induces a decomposition 
M = © Ag x M\, we will proceed with the study of the V-stable projec- 
tions of T onto each M\, which we denote by T\. The assumptions on 
Vo and ko imply that there exists some s G N such that the s-fold iter- 
ation of F b preserves M\ and acts on W(k ) ®a M\ by multiplication 
with a scalar. It follows that (F^) os , being horizontal, must preserve 
JF A , simply because it does that at the specific point t% = ■ ■ • — td = 0. 
We can deduce that each non-zero T\ contains a non-zero horizontal 
section. 

The proof of the lemma is complete if we show the vanishing of the 
K(k )-vector space H = ker(V). Let k x be any algebraically closed 
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field containing A/pA. Cartier's diagonal map identifies A with a sub- 
ring of W(ki), so let us write h\ G G(K(ki)) for the image under 
that map of the element U\ F n{p)~ l and let us write V\ : Q ® G m x 
X A"(F P ) K{ki) for the slope homomorphism of 61. Every 
x G K{ki) ®K(k Q ) H is surely fixed by i/, as the inclusion A <^-> W^fci) 
preserves the Frobenius lifts. 

The automorphism group Aut(A/W / (/co)) acts from the left on both 
Q{A) and M, so the semidirect product Q{A) x Aut(A/W / (/c )) acts 
thereon too. The horizontal elements preserve H, moreover Aut("Po) 
is a (rather small) compact open subgroup in an inner form of Q, by 
[22l Proposition 1.12], and consequently Zariski- dense. We deduce that 
K{ki) ®K{k Q ) H must be invariant under the whole conjugacy class of 
v\, and therefore it is invariant under all elements of G spc (K(ki)), by 
corollary 14.101 □ 

We finish this subsection with a quantitative version of corollary 14.41 

Corollary 6.6. Let N be a discretely valued complete field containing 
K(F p f), and let the residue field k of its ring of integers On be perfect 
of characteristic p. Let V be a banal display with Q structure over On, 
and letVo := V x 0jv k be its special fiber. Then there exists an element 
m G G(N) such that every h G Aut('P) I(On) satisfies the equation 

w Q (h) = Int(m)Oo), 

of elements in G(N), where h G Aut(P ) ^ c Q{W{k)) stands 
forthe special fiber of h (N.B.: if N = W(k) the elementm = 1 satisfies 
this, however in the general case m might not even be in Q(On))- 

Proof. We may assume that k is algebraically closed. Notice that m is 
independent of the choice of the banality, even though the two inclu- 
sions Aut("P) ^ T{On) and Aut('Po) ^ Z(k) do depend on it. Now 
recall the aforementioned universal formal mixed characteristic defor- 
mation V uni G #w(fc)[[ti,...,t d ]](£>A*) of ^0, and let K : W(fc)[[*i, . . . ,t d ]] -» 
On be the classifying morphism to V. Recall the canonical embedding 
of Aut(Po) i n to the intersection: 

g-(W(k)[[h, . . .,t d }}) x Aut(W(k)[[h, . . .,t d ]]/W(k)) 
n lnt(Q)(g(K(k)) x Aut(W(k)[[h, t d ]]/W(k)), 

of subgroups in Q{K{k){{t u . . . , t d }}) X Aut(W(k)[[h, . . . , t d \\/W{k)). 
Notice also that the image of any element in Aut('Po) in the ambient 
group I{k) C Q(K{k)) can be recovered as the ^(K(fc))-component 
in the second of the two groups above, for example by applying the 
lemma ISTTl to the specific lift t\ = • • ■ = t d — 0. Moreover, the subgroup 
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Aut('P) C Aut(7 ? o) is mapped into: 

g-(w(k)[[h, . . .,t d }}) x AutoAwmih, . . .,t d ]]/W(k)), 

because it preserves the augmentation k. It remains to look at the 
homomorphic image of Aut(P) under the canonical homomorphism 

Q{K{k){{t x , t d }}) x AvLt ON {W(k)[[ti, t d ]]/W(k)) - G(N), 

to find that the image of is the group element m that we have sought 
for. □ 

7. Moduli spaces of abelian varieties with mock 

c7°-structure 

Let (G, X) be a Shimura datum in the sense of the axioms [21 
(2.1.1.1)-(2.1.1.5)], let us assume that the rational weight homomor- 
phism wx '■ G m — > G is injective, write G 1 G G for the complement to 
its image, and assume that this group can be written as Res£+/QG°, 
and fix a totally imaginary quadratic extension L/L + . It is convenient 
to fix a specific element h G X and we also want to choose \J — 1 G S(R) 
once and for all. Notice that h{yf-\) e C7 1 (M) and w x (-l) G 
By a polarization on some (V, p) G Rep Q (G° x L + L), we mean a G°- 
equivariant L-linear map \I/ : L g)*^ V — ► V such that: 

• (tr^/Q ^')(p(/i(v / — T))x, y) is positive definite on K <g> V 

• *(p(tw x (-l))ar,y)* = *(2/,ar)- 

By slight abuse of notation we will also write p : G° — > XJ(V/L, \P) to 
denote the corresponding group homomorphism, here it is understood 
that XJ(V/L, represents the group functor 

{7 G GL mL+R iy® L+ (73,73/) = y(x,y)Vx,y G V ® L+ 

Notice that the tensor product of polarized representations carries a 
natural polarization. Let us say that p is even (resp. odd) if it maps 
the group element wx(-l) to 1 (resp. to —1). We call (G,X) 'poly- 
unitary' if there exist: 

• a family of odd representation (Vi,pi), indexed by some set A, 
and each endowed with a polarization and 

• a family of G°-invariant L-*-subalgebras C End£,((§) ie7r Vi), 
indexed by some set II of index subsets n C A of odd cardinality, 
such that 

• C7° is the stabilizer of U^eri 

See part |A] of the appendix for a couple of examples. In this scenario 
we write Gi for the subgroup generated by G\ := Res^/Q U(T^/L, 
and G m (i.e. the centre of GL(l / i /Q)), and we write ^ : G — > Gi for 
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the extension of Res^+/Qpj with Qi(wx(z)) = z~ x . We call our poly- 
unitary structure 'unramified at p , if L is unramified at p, and if there 
exist hyperspecial subgroups K^ p of Gi(Q p ) such that 



(40) K p = f| e - \K i>p ) 



is a hyperspecial subgroup of G(Q P ). Let us denote the composi- 
tion § —> G x R Gj x R by /ij, it gives rise to Hodge decom- 
positions Vi tL = ©p + g = _! V™, where Vi jL = C ® h L V stands for the 
eigenspace, and where i runs through the set L an = SpecL(C) = 
Hom(L, C) of embeddings of L into C. Let us set [a ijt , 6 i)t ] for the 
smallest intervals of integers such that these decompositions are of type 
{(-&m> K>- -!))•••) ( _a i,i> <V ~ !)}• The lengths io ijt := 6 ijt - a i)t of 
theses intervals are particularly important invariants, and their max- 
imum w = max{wj jz G A, i G L an } will be called the width of 
the poly-unitary structure. Finally notice that = V^,, so that 
bi iL = 1 — Oj^o*- We also need to introduce certain combinatorial data: 
Observe that L an carries a natural left Gal(i2/Q) -action commuting 
with the complex conjugation which could be viewed as acting from 
the right, the subfield R stands for the normal closure. Fix an element 
i9 G Gal(i?/Q). In this global context we proceed with the following 
variant of definition 15.11 

Definition 7.1. By a •Q-multidegree we mean a function d + : L an — > No 
with d + ($ ot) < d + (i) + 1 and d + (i o *) = d + (i). By a $ -poly- gauge 
for {hi} ie \ we mean a family of functions jj : L an — > Z, together with 
a "d-multidegree d + such that the function d(t) := $~ d+ M o t satisfies 
the following properties: 

(Gl) For every i G L an and I G [a^ 6j |t — 1] there exists a unique 

k G L an such that d(«) = t anc? = I. 
(G2) j,(6o*) = -j, t (0 

(G3) For every given tt and i, the cardinality of both sets {i G 7r|jj(i) < 
ai,d(t.)}, and {i G 7r|ji(i) > b iA{i) } is at least Card ( 7r )- 1 , 

(G4) For every given tt each d-orbit of L an contains at least one ele- 
ment l which satisfies ^ [ai,d(«.)> &i,d(i) — 1] / or all i E it. 
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These properties are rather restrictive and they can only be satisfied 
if the inequalities 

lim EfcLi max{^. g ^w^ j7r G 11} < 

JV^oo AT 

max > hm ; 7r G 111 < 1 

hold for every i. Conversely, in the key case II = {A} U {{«}|« G A} it 
is not difficult to prove that ^-poly-gauges exist if and only if one has 

liniTv^oo — k=1 N '' €k °'- < i. We call a closed point r G Spec Or to be 
of type if $ fixes r and induces the absolute Frobenius automorphism 
on Or/x. If a -^-poly-gauge is fixed, then there exist Hodge structures 
Vi, which are endowed with L-operations and L-linear polarizations 
such that: 

f£ P <- jiW dim ^o (M) = (-i,o) 

(i) dim Vff = E P >- jl(0 dim V™ b) (p, q) = (0, -1) 

[ otherwise 

(ii) There exists a similarity 

(41) A°° ® Vi ^ A°° ® V 

of skew-Hermitian L (g) A°°-modules, 

(iii) When calculating in the ®L-category of Hodge structures with 
coefficients in L (see [3j section 3.1]), one finds that V n : = 
(0i e7r ^)( lz ^ M ) ^ an object of type {(-1, 0), (0, -1)} for 
every f G II, and by means of ^ n := (£) ie7r it is canonically 
L-linearly polarized as well. 

See [3j section 6.2] for a related consideration, in this scenario we write 
G n for the subgroup generated by G\ := Resx+/QU(t^./L, and G m 
(i.e. the centre of GL(V^/Q)). This sets up a family of canonical PEL- 
type Shimura data (G n ,X n ), where X n is the G 7r (lR)-conjugacy class 
of Hodge-structures on V n specified by (iii) above. Notice that their 
reflex fields are contained in R. Moreover, regarding V := ® ieA V 
as a skew-Hermitian module over the *-algebra L A = 




yields yet another canonical PEL-type Shimura datum (G,X), where 
G is the Q-group of L A -linear similitudes of V, and X is the G(M.)- 
conjugacy class of Hodge-structures on V specified by (i) above. For 
later reference we also put C for the ideal generated by the 
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idempotent (1, . . . , 1, 0, 1, . . . , 1) with the "0" in the % th position. Fi- 
nally observe that there exist canonical morphisms of Shimura data 
g n : (G,X) — ► (G w ,X n ), and hence canonical morphisms of Shimura 
varieties: 

(42) k M(G,X)^ kv M(G n ,X n ), 

under the assumption g n (K) C K n of course. We need to collect further 
facts on integrality, first notice that a decomposition K = K p x K p for 
some hyperspecial K p C G(Q P ) implies an analogous decomposition for 
K n basically by (iii) above, and second we have a canonical extension 
(cf. [31 Theorem 4.8]) 

(43) k U % k U n , 

of (J4"2"]) . where k U and k U- K are the usual CR®Z( p )-models of these uni- 
tary group Shimura varieties, which are smooth (cf. [H]) and proper, 
by the above property (G4). We write Y n for the pull-back of the uni- 
versal abelian scheme on k U to k lA and tacitly omit the mentioning 
of level structures. Now and again we need to invoke the projective 
limit k U = limj^p^ k U, which is a scheme with a right G(A°°' P )- 
action. We will now consider a prime p G Oer which restricts to a 
prime of type i?. Once and for all we also fix a set 1Z of extensions 
to L of the primes of L + over p, and for each q G 1Z we let r q be the 
degree of q + := q fl Ol+, and we let r be the degree of p ft Or, and / 
the degree of p. For each q e 1Z we fix an embedding t q : L <^-> R with 
t q (q) C p, so that 



r 11 o l 



t q otherwise 



(* is the conjugation, and r is the Frobenius acting on K(¥„f), which 
contains R). In the local settings the function d + translates into 
(mod r q ) multidegrees 

d q (w) :=w + d + (ro t ,). 

One can find selfdual Z( p )-lattices Vj whose stabilizers in the Q p -points 
of Gi, are the hyperspecial groups K i)P . Set V^q for the modules: 



V; 



W(¥ p ^) q* = q 
W(¥ p rc,) otherwise 



on which we have perfect pairings with ^^(x, y) = — ^-^(y, x)* in case 
q* = q, and ditto for V w , q . Let Gq/W(¥ p rq) (resp. ^/^(F^,)) be the 
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n 



Zariski closure of (G m x L+ G°)/{±1} (resp. G°) in 

|GU(V M /^(F p2 , q ),^, q ) q* = q 
1 G m x GL(Vi >q /W(¥ p r q )) otherwise ' 

and denote (G m x n qe ^ Res W (F p r q )/w(w p ) G\)/{±1} by Q/W(¥ p ), these 
groups are reductive, as K p was assumed to be hyperspecial. Choose 
any *-invariant 0x,-order of L v with: 

o u aO L + {L„ n 0pK°d,i+i End ^ (V7r q)) . 

Now consider the family of compact open subgroups K C G(A°°) which 
satisfy 

(44) K = K p x K p 

(45) K* = r\ e r\K?), 

ieA 

for suitable Kf C Gi(A°° ,p ) and for fixed choices of hyperspecial sub- 
groups K i)P and satisfying (jlDj) . Finally choose = x 
compatible with the groups = Kf x if i)P with respect to fT4Tl) . Let 
the scheme #9Jt/W(Fpr) represent the functor that sends a connected 
pointed base scheme (S, s) to the set of 4+Card(Il)-tuples (Y, A, t, rj, y n ) 
with the following properties: 

(i) (Y, A, t, rj) is a Z( p )-isogeny class of: homogeneously p-principally 
polarized abelian schemes (Y, A) together with a ^-invariant ac- 
tion l : — > Z( p ) <g> End(F) satisfying the determinant condi- 
tion with respect to the skew-Hermitian L A -module V, and a 
7Ti (5*, s)-invariant i^ p -orbit rj of C^-linear similitudes 

?f : A°°' p ® V ^ Hf(Y x s s, A°°' p ). 

(ii) y n : 0^ — > Z( p ) ® End^Y^-) is a C^-linear ^-preserving homo- 
morphism such that rj contains at least one element fj p rendering 
the diagrams 

A°^®(g)^End L (^) < O ln 



H: 



End(® ie „ H*(Y[ti] x sS ,A°°*)(±=^&)) End L (F 7r x s s) 

commutative, simultaneously for all tc e II where r/f stands for 

the unique ttx(S, s)-invariant C^-linear similitude A°° ,p <g> Vi 
H?(Y[u] x s s,A°°*) with rf = £ ieA ^o £i . 
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Notice that the projective limit kJXR = limxp-a k^R is equipped 
with a right G(A°°' p )-action and with a G f (A°°' p )-equivariant morphism 
to x 0r W(W p r), which at the finite levels recovers the tautological 
forgetful morphism A'9Jt — > ^Ux OR W(¥ p r); (Y, A, i, rj, y n ) \— > (Y, A, i, fj). 
We write Oh c = Endc(((S)i Vi)®° LC )-, where c is a fixed constant which 
is sufficiently large for all of the Q q s in the sense of remark l5\9l Let us 
also fix cocharacters \i : G m x W(¥ p f) — »■ Q, and /i q : G m x W(F p f) — > 
Resw(w p r q )/w(¥ p ) in the conjugacy class of /i^, and let us write a iq ,and 
b ic . for the weight invariants that go with it, according to subsection 
15.11 We have shown that the gauges := ° iq) defined 

cocharacters Vi A and functors 

Flex d < J -( Pi ) : B{G q ,^) x F p/ -> B i>q 

fB(GU(V M /W(F p2 , q ),* M )^M)/W(F p2 , q ) q* = q 
\B(G m x GLiVijWiWpr,)), v iyq )/W(¥ p r q ) otherwise ' 



And recall also, that there are associated invariants a iq and b iq , again 
according to subsection 15. 1[ For future reference we will write <Sj iq : 
^ 971 — > £> ijq for the classifying 1-morphisms of the graded displays of 
the universal families F[q°°][Cj] over the moduli space (unitary 
ones if q* = q). The tuple {5j q }j e A will be denoted by S q and we will 
think of it l-morphism 

(46) K Tl -> 23 q , 

of stacks, where the Q5 q /Ty(F p r)'s are defined as in subsection 15.31 

7.1. The canonical locus. A morphism of F p / -schemes X — > k^- x w(w r ) 
F p f will be called canonical if X is noetherian and reduced, and (|46l) 
becomes flexed over X for every q £ TZ. Our first result in this section 
deals with fields: 

Proposition 7.2. Let k be a finitely generated field extension of¥ p f, 
and let I be an algebraically closed extension of k. If the image of 
£ G K%ft(k) in k%R(1) is canonical, then the following is true too: 

• There exists a finitely generated subfield k C I, containing k 
and such that the image of £ in K$R(ko) is canonical. 

• The image of £ in x9JI(A;q c ) is canonical. 

Proof. Fix a flexibilisator 

C° q :Flex d ^^(V M ,P°)^«S iiq x K ^Z. 

The displays with (? q -structure V° are banal, and thus we are allowed 
to choose representing group elements G Q^ a {W{l)). Analogously 
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we write Mi A for the graded windows of Yj^fq 00 ] relative to a choice of 
Frobenius lift r : C —>■ C on the Cohen W(F p f) -frame for k. Let N iA 

be Fib^'^(V M ,P°), and let M iA be Flex d < odq (M M ). For varying z 
the family 

N i>q}(7 := Flex^A^), ?l V W{1) ® c M i} ^ 

of isomorphisms is easily seen to be a jy(7)-valued point in the mod- 
uli scheme (5q j(7 of the Of^-linear families of isomorphisms between 
Vj,q,o- = C ®F- CT oi q ,o L V» and Mj iC()Cr . As W^(/) is faithfully flat over C 
we get the local triviality of this principal homogeneous space for G\ a - 
This gives us the existence of a point over some finite unramified 
subextension C C VK(i). Consider the unique W / (/)-valued group ele- 
ment h' q u turning the family (. . . , £? qjff , . . . ) into (. . . , ^ q>(T , . . . ), and 
choose further elements ^q (T (W'(/)) 3 h q>a = 1 (mod p) such that 
ft.'' := h~l o ft,' are contained in G\ a (W(k")), where k" is a finitely 
generated field extension of k' = C'/pC in I: 

w(i)x a ,C . „ 

W(l) ® c N iA „ W(0 ®c M Mi(T 

and in case q* = q it does no harm to assume ftq iCT + ril proportional to 
ftq j0 .. A suitable twisted conjugation endows the family Q o pj(ft qi(T ) 
with the structure of a flexibilisator, and we merely need to show its 
rationality over a finitely generated field extension! To this end one 
checks that some G Gq,cr(W(l)) which possesses VF(A;")-rational 

images under the functors Flex dt, '^ q (Vj. q ) is surely W( Vibrational 
for some d, at least if one arranges = 1 for a outside the image of 
d. 

The second assertion of the proposition follows easily from the first one 
in conjunction with remark 15.12^ please notice that one cannot apply 
remark f5. 121 directly to I. □ 

A two-fold application of this proposition yields the significant strength- 
ening that ko may be taken to be finite over k. We are now in a po- 
sition to give a set theoretic definition for what will later turn out to 
be our Shimura variety: We set ^9Jt ccm C ^971 ><w(w r ) ^ P f for the lo- 
cus of points that are canonical over some finite (or equivalently over 
any algebraically closed) extension of the residue field. The following 
proposition proves that the set K^-can is stable under specialization: 
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Proposition 7.3. Consider an algebraically closed field extension k of 
F p f. Then for every r\ 6 #9Jt(A;[[i]]), the following are equivalent. 

• The image ofrj in ^Wl(R) is canonical for some finite extension 
k[[t}} CR. 

• There exists a finite extension of k((t)) with that property. 

Proof. Throughout the whole proof we are working with the Frobenius 

lift r : 1 1-> t p on the W{¥ pf )-hames W{k)[[t}} and wjk){{t)). For the 
non-trivial direction we may assume that there exist flexibilisators: 

C° q : Flex d ^(K, q ,P q °) ^ S iA x xfBtm *((*)), 
and we may assume that the V°/k((t))'s are banal, and hence repre- 
sented by the graded window matrices G Qq,a(W(k)((t))) by means 
of lemma EHJ We start by defining the graded (W(k)((t)), r)-module 

iV M = Fib^^(Vi, q ,P q °), 

and analogously we write M.i A for the graded -windows of 

Yi.^fq 00 ] and Mj jq for its generic fiber. We have canonically induced 
isomorphisms: 

:= Flex*^,,), % Flex d ^ od ^ (M M ) CT =: M Mi(J , 

and clearly we want to denote Flex d i odq {M,i^a by M-i A ,a- Now we 
should look at the moduli scheme © qj(T /W / (A;)[[t]] of (9# c -preserving 
isomorphisms 

where Vi A>a means W (k){{t}}<& F~ a o Lt] ,o L Hi an d where the (9f/ c -structure 
on the right arises from the 0# c -structure on M iA)(J . It is important 
to understand that the lattice families M-i^a and Mi !q>(T may not have 
a (9^-structure and they have the wrong Hodge numbers too. By 
Dwork's trick & q a has a point over K(k){{t}}, so that the pull-back 
of 6q )Cr to (A;) [[£]][-] is an honest locally trivial principal homoge- 
neous space. Now we can follow the ideas in [12] , given the existence 

of (° qa we see immediately that the same is true over W(k)((i)), i.e. 
the pull back of (5 qj<T to W(k)((t))(p) is again a locally trivial principal 
homogeneous space under Q\ a - This glues to a principal homogeneous 
space over the scheme Spec W(k) [[t\] — Spec k, and by [3] we get a prin- 
cipal homogeneous space over VT(A;) [[£]], in fact a trivial one, because 
the basis is strictly henselian. In particular we are allowed to choose 
isomorphisms: 
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Consider the unique W(k)((t))-valued group element h' qa turning the 
family (. . . , Q^ a , . . . ) into (. . . , Q ^ ...). By adjusting with an ele- 
ment in ^q i<J (W / (A;)[[t]]) we may assume the (mod p)-reductions of h' 

are contained in Fdq(CT) c ' Q qd /^(k((t))) , given that these subgroups are 
parabolic ones. The rest of the proof runs similar to the arguments in 
proposition [721 an d again we arrange h' q a+rci to be proportional to h' q cT , 
in case q* = q. When working over a large finite covering of the form 
k[[ p yt\] there exists one and only one graded window matrix O q<a £ 

g^{W{k)({ </*))) and a family of elements k^ a e Q\~{W{k){{ p tyi))) 
describing a morphism from {O q!(T } a to {U qtCT } a , such that: 

• If a lies in the image of d q , then k q ^ = T A *^~ a (h'q d *,^). 

• If a lies outside the image of d q , then O q cr = 1. 

The associated change of coordinates gives rise to W(k)[[ Vibrational 
maps Qnai an d finally guarantees the existence of the requested integral 
models of V° and (° q . □ 

Now consider the scheme 

k -9 * 1 X IW»? II II ftw,n+ w , 

where the structural morphism of the second factor is given by: 

and write if9Jt™ an for its image under the projection to 

i.e. the first factor. For each finite n this is a constructible subset, 
according to Chevalley's theorem ([101 Theoreme(1.8.4)]). The con- 
structibility of K^R-can is harder to get by and requires some digressions: 
For every perfect field k we denote the algebraic closure of K(k) by 
K(k) ac and we denote the ring of integers in K(k) ac by Ox(k) ac and we 
denote the p-adic completion of Ox(k) ac by OK(k) ac , an d we denote the 
fraction field of Ox(k) ac by K{k) ac . An object ({Mj} ig A, {m^-j^n) of 
£-w{k) is called nearly trivial for q if there exists a sequence of families of 
i^(/c) ac -linear isomorphisms a itU : K(k) ac ® tq ,e> L V; — > K(k) ac ®w(k) Mi 
such that: 

lim (g w (. . . , a i v , . . . ) o a o g n (. . . , a itl/ , . . . = m n (a) 

V—KXl 
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holds for all tt G II and a G Oi n - An object of Q5q,fc is called nearly 
trivial its image under ^ibq ^ is nearly trivial for q, for every a. Let 
us write K^-triv for the locus of points x G i^OJl such that the 3$q,fc(x) oc - 
objects S iA x K mk(x) ac are nearly trivial for all q. It is easy to see that 
K^ltriv is Zariski-closed, hence constructible. 

Lemma 7.4. Let k be an algebraically closed extension of¥ p r. For 
every integer m > there exists an integer m > m such that the 
following is true: Suppose that ({Mj}j e A, {m n } ne u) G 0b£ , is nearly 
trivial for q. Then to any isomorphism 

oii ■ W m (k) ® L „o L Vi -> W m (k) ® w{k) Mi 

(whose source and target are regarded as objects of <Lw m (k)) there exists 
another isomorphism 

on : W(k) ®^ OL V t -> Mi 

(between objects of £w(k)) suc h that {«i}i G A and {«i}i e A have the same 
pull-backs to W m (k). 

Proof. Fix q and write V°- c := K(k) ac ® tqi o £ Vj. By a p-adic analytic 
consideration there exists a nondecreasing function No^Noimnm 
with the following property: 
For all families 7, G GL^^V^ 10 ) fulfilling: 

g n (. . . , 7i, . . . ) o a o g n (. . . , 7i , . . . ) _1 = m^a) mod p m 
(V7r G II, a G Ol^) there exist families 7, G GL^^cCl^ 00 ) fulfilling: 

^(...,7i,...) oao^(...,7i, = 
y w (...,7i, ...)oaog v (...,% 
7i = 1 mod p m 

(V7r G II, a G C?l t ). The isomorphisms on allow lifts cc^, which however 
might not respect the tensors in Ol w . By induction on v we will now 
define a sequence of families of i^(/c) ac -linear isomorphisms such that: 

(i) g w (. . . , a ijV , ...)oao g w (. . . , a iiU , . . . ) _1 = m n (a) mod p v 

(ii) & itV+ i = a ijU mod p v 

(iii) a i>m = a[, 

in fact all of these families are automatically integral, i.e. already 
defined over C>K(k) ac , simply because cti tTn is. Suppose that the family 
&i jV has been found. The existence of a family, say, a^+i that satisfies 
property (i) alone is clear, applying the above to 7$ := a"* o a ijJ/+1 gives 
a family of isomorphisms % = a~l o a ijl/+ i, and we have a iyU+ \ = a^ v 
mod p". Consider the family <Sj = lim^oo a itU . One can establish a 
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canonical 0^-action on <3) igA M® c , just use the isomorphism {ai}i e A 
for transport of structure and observe that the left Go-coset of this 
element is i^(fc)-rational. The existence of {ojjjjgA shows, that the Oh c - 
linear isomorphisms from W(k) ® Lq ,o L Vs to Mi form a locally trivial 
principal homogeneous space for As the latter one is smooth so 
are its locally trivial principal homogeneous spaces, and consequently 
there exists a lift of the mod //"-reduction of {<5j}j e A- □ 

Corollary 7.5. There exists a constant b with: 

(47) KTlcan = UWltriv ><F D , V) n K^can 



Proof. Write Vi A ^ := W(k) ®f-"o^,o l H- By the crystalline bounded- 
ness principle ([28]) there exists a positive integer m with the following 
property: Given any congruence 



F 



(i) 



i,q,<7 « , q 

between families of r-linear maps 

771(1) I7 1 ( 2 ) . v? , "W 

such that: 

(i) there exist F^ c : V M , ff+1 - with {F^ c x, F^y) 
pr(x,y) for x G V iA)(T+ i and y G Vi,q )(T+ i, 

(ii) the diagrams: 



«7r(a) 
"Kr,q,o-+l 



3 F (v) 



"1^7r,q,o 



5 P ( " 5 



^7T,q,IT 



commute (V7r G IT, a G Cl^, ^ € {1, 2}), and so do: 



Vi,q,o-+l 



> Vi,q, CT 



in case q* = q (Vi G A, v G {1, 2}), 
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one always obtains further commutative diagrams: 



F (2) 
i,q ,<r 



7i,q,cr 



for a suitable family of elements {~ii A , a }ieA = 7q, CT G ^q,o-(W / (^))- The 
whole point of lemma [73] is to yield another positive integer b :=m for 
which we are going to verify our corollary, so pick any £ e #97t(A;) lying 
in the right-hand side of (1171) . Choose a m-truncated flexibilisator 

C M : Flex d " j -(V 4 , q ,P q ) ^ 5 itq x k£OT>c k, 

where iSj jq is the truncation of <Sj jq at level m. Fix a banalisation 
of V with a corresponding m + u>-truncated graded display matrix 
{EV,m-Hi)}<rez/r„z- Lift it; b y ^ £ £q,o-(W(&)) , let P q be the banal dis- 
play with matrix {£/ q)CT } CTeZ / rqZ , and consider «S- q := Flex dq ' Jl ' C| (V iiq , P q ), 
and notice that the underlying eigenspaces of this object are canon- 
ically identified with 5*- = Vi A>a . Write Si A>a for the underlying 
eigenspaces of the displays «S ljq x kOT ^ k. The previous lemma finds 
us a tv-preserving family of isometries Ci,q,o- : Vi iqi<J — > Si, q ,cr such that 
(j jC|i(T = Ci.q.o- mod p m . The crystalline boundedness principle tells us 
that {iSj'qjjgA = {«Sj jq x K ^ &}ieA and we are done. □ 

It follows immediately that i^9Jt can is const ructible, hence closed, 
because it is also stable under specialization. This enables us to endow 
it with the reduced subscheme structure that is induced by the ambient 
scheme, namely k^R x w(w pr ) F p /. One should appreciate that K^Ram 
does not depend on the choice of the orders Oi n - 

7.2. Construction of x-M-p- Consider the stack rendering the dia- 
gram: 

K Mot p ► K Wl x w{¥pr) F pf 



n qG 7e^(^'/ i q) X W(¥ pf ) F p / > Ilqe^^q x W(¥ p r) Wpt 

2-cartesian, where the lower horizontal morphism is given by 

n(n Fiexdq,kq (A)), 

one could expect that xMot p is representable (in particular discrete), 
here is a result in that direction: 
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Theorem 7.6. There exists a 2- commutative diagram 

KM p > K^-can 

riqeK^^q^q) X ^(F p/ ) F p / ► IlqeTC^q x W(F p r) F p / 

mt/t a finite, surjective, and radicial upper horizontal morphism, and 
W^Ti'Pq formally etale (in the sense of definition ^. 5\j . 

Proof. For every closed point x G ^n)t can there exists a flexibilisator 
which is defined over the residue field k(x), because it is perfect. Let 
us write A x for the complete local ring which prorepresents the product 
of the universal formal deformation spaces of the underlying displays 
with ^q-structure, and write V^ x for the universal objects over either 
Spf A x or SpecA x , which according to lemma [2T91 makes no difference. 
Clearly A x is a power series algebra over k(x). The Serre-Tate theorem 
yields naturally a finite map 

Specif -> Spec 6 KmcantX7 

which is also radicial, the diagonal being dominant (corollary I5.10p . 
We will need the dominance of this very map, which can be estab- 
lished as follows: Every minimal prime ideal is the kernel of some local 
homomorphism K ^x cantX — > k[[t]], and possibly after going to a finite 
extension one obtains a canonical one, again by proposition 17.31 and 
by the definition of K%Ram- The morphism A x k[[t]], which we can 
deduce from that, tells us that the given minimal prime comes from a 
minimal prime of A x . 

Consequently it is also clear that there exists a regular scheme U x 
together with a finite and surjective map onto an affine open neigh- 
bourhood U x C K^Rcan °f x i sucn that the completion at x gives us 
back A x . Just look at the fraction fields K x , L x , and L x of the rings 
K %ftca.n,xi K mcan,x = 4zj an d A x , observe that there exists a unique 
finite purely inseparable field extension K x /K x with K x ®k x L x = L x , 
and consider the normalization U x in K x of some affine open neigh- 
bourhood U x . This reasoning is justified by applying the result [TUt 
Proposition (6.14.4)] to the normal morphism K <xn can , x —> A x . Pas- 
sage to the completion in x shows that this scheme is at least regular 
in x, so that a further shrinkage of U x enforces the regularity of the 
whole of U x . Moreover, the existence of the rings A x tells us that the 
stalk Oft x is radicial over U x by [TUl Proposition(6.15.3.1)(ii)]. 
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Now we come to the canonicity of the maps 

SpecK x -> K Wl can . 

This is easy, for by very definition of the canonical locus and by the 
lemma E2 one can find a flexibilisator over some finitely generated field 
extension C of K x , and then one applies part (ii) of corollary 15. 1 II with 
A x playing the role of the ring B. 

We next study the canonicity of U x : It is easy to see that the stalks 

SpecC^ x -> Kfflcan 

are canonical, as this follows immediately from part (i) of corollary 
15.111 applied to B — K x and C = A x . Let us write V^ x and Q^ x for 
the display with (? q -structure and the flexibilisator over Ofj x . Remem- 
ber that our aim was to prove that U x — > K^can is canonical! To this 
end we continue to argue stalkwise: For every closed point y e U x the 
stalk Ojy x y is by definition equal to the normalization of the local ring 

K gjican,y i n the field extension K x , and the stalk Ojj y is by definition 
equal to the normalization of the local ring K ^i can ^ in the field exten- 
sion K y . Unfortunately we must not use that the fields K x and K y are 
equal, but given they are both finite purely inseparable field extensions 
of K x = K y we can find an integer n such that K y C V \[K~ X , and this 
gives rise to inclusions: 



which show us the canonicity of the map 



spec ^lOfj^ - K m, 



'■can- 



l^OW apply part (ii) of corollary 15.111 to the rings B = A x and C = 
p yOfj x , which is faithfully flat because Ofj x is regular. The last step 

towards the canonicity over U x is accomplished by the corollary 15.131 
(whose proof is morally yet another application of part (i) of corol- 
lary ETT]). By slight abuse of notation we will denote the extensions 
of Vq jX and Ci,q,x over the whole of U x by the same symbols. Remark 
4.61 provides a further shrinkage of U x that gains the formal etaleness 
of Ylaen so th & t the pull-backs to all of the equicharacteristic 
completed local rings (at the closed points other than x) are universal 
formal deformations. It follows that these agree canonically with the 
riqe7?.^W s > an d as a by-product we do obtain that indeed K x = K y . 
Surely all those U x s glue coherently and we finished the construction 
of a smooth and projective F p /-scheme kM that is finite and radicial 
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over K^Rcan and over which there is a formally etale flexibilisator, al- 
ternatively kM is (componentwise) the normalization of K^-can in the 
function fields K x , which only depend on the irreducible component 
that passes through x. □ 

Corollary 7.7. If X is a scheme of finite type over an algebraic ex- 
tension ofW p f, then the natural map from the set of X -valued points 
of kM p to the fiber of xMot p over X is an equivalence of discrete 
groupoids (i.e. a bijection of sets). 

Let v be a positive integer, let [j t Ui be an open affine covering of 
kM p , and let V\ A be the restriction of Vq to Ui. Choose smooth affine 
W^ I/ (Fp/)-schemes Z7j lifting the smooth affine F p /-schemes Ui, and 
write V\ v l C U\ v) for the open subscheme whose underlying point set is 
UiHU m . Pick lifts V$ G f VlA (\j\ v) ), and write V^ q for the restriction 
of V!$ to E#>. Let finally be V>£ : uQ - U$ the unique lift of 
the identity which pulls-back V^] to . The transition maps 
sa tisfy the cocycle condition and define a formally smooth lift 

K-Mp /W v (W p f) along with a family of displays with (/ q -structure 
over it. The locally trivial principal homogeneous spaces for Q~ over 

K-M-p which arise by truncating at level shall be denoted by 
K j&) = Y[ r a q =o kF^I- Naturally these give rise to invertible sheafs 

Let Cy} be their product. The line bundle D- 1 ' is just the pull-back 
of the canonical sheaf on the ambient Shimura variety ^Up, according 
to (!30il . so it is ample (|19j). By P, Theoreme (5.4.5)], this completes 
the construction of a smooth projective W(¥ p f) -scheme K-Mp together 
with an isomorphism of formal schemes 

K Mp = lim K M { p V \ 

where the left-hand side is the p-adic completion. Let A,q,a) an d £ be 
the projective limits of the C^Js and C^'s. We need a limit of the 
kFyI's too, which can be justified as follows: Write 

K Filler '■= W 'jrM(Pi) 

and let kF „ a t> e the formal principal homogeneous space of ascended 
filtered Hc -preserving maps from V M)(T = KMv ® T -a 0i ^ 0l V i to kF%,w 
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In order to verify the local triviality of x^q,a h suffices to construct 
points over the completed local rings at each minimal point of k-M p , 
which one can do using the smoothness of the ^JF^'s. Another limit 
process yields connections Vq i(T on the composite of the 0-functors 

RePoiGw) -> flej>o(*v) ro ^ q ' CT Vec K M P , 
i.e. connections on k.J~ a,a x s «<" Q^ a . 

7.3. Stabilizers. Notice that the display of the multiplicative p-divisible 
group yUpoo is canonically identified with the mulipliers of all of the «Sj,q's, 
being the displays of the p-divisible groups Vfcj 00 ]^]. One sees imme- 
diately that the diagram in 15.2.31 gives rise to a canonical display V 
with (/-structure over kM p that maps to the tuple {Pqjqerc, under the 
upper horizontal map in the 2-cartesian diagram below: 

B(G m , nx) > Y[^ n B{G m x W(F p r q ),//i) 

Analogously, one sees that the there is a canonical locally trivial princi- 
pal homogeneous space ^JF over k-M p yielding K^q,a upon an extension 
of structure groups from Q~ to Q^ a - From now onwards it is more com- 
fortable to work with V and k J 7 rather then V q and k^o- 
Let ko be a perfect field. Let B)(Y) denote the covariant Grothendieck- 
Messing crystalline Dieudonne theory of an abelian variety Y/k , and 
let D°(y) denote the (non-effective) F-isocrystal whose underlying 
K(A; )-space is Q®D(F), and whose Frobenius operator K(k )®F,K{k ) 
D°(F) -> B°(Y) is the inverse of B(F Y / k(> ), where F Y/ko : Y -> Y x kQ:F 
ko] V l— V p is the relative Frobenius. 

Let (Y, A, l) be a homogeneously p-principally polarized Z( p )-isogeny 
class of abelian F^ c - varieties with a ^-invariant action i : — > End(F) 
satisfying the determinant condition with respect to the skew- Hermit ian 
L A -module V. Consider the eigenspaces Y[t%]. Any choice of a full K p - 
level structure completes this to a PEL-quadruple, say (Y, A, i, fj p ) 6 
j^U(¥p C ). From now onwards we will write <S^e7r^[ e i] to denote the 
homogeneously p-principally polarized Z( p )-isogeny class of abelian F p c - 
varieties derived by discarding the level structure from its image quadru- 
ple g n (Y, A, l, ff) G fcJA (Fp C ), under the map f|43|) . The formation 

of <S)i67r^[ e i] i s independent of the choice of fj p , and the canonical 
^-invariant action i n : Ol — > %>( p ) <S> End(0 ig7r F[ej]) satisfies the de- 
terminant condition with respect to the skew-Hermitian L-module V n , 
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moreover we have canonical isomorphisms 

flf (Kb], A 00 *) = fl*((g) yM.A^t ^" 1 ), 

and similarily for D° (Sketch: once one chooses a C-lift Y' of F one 
obtains an isomorphism of the following Hodge structures 

i H, <y fc] (C) , Z) g g t ((g)^' [e ,] (C) , Z) ( fegig) ~ 1 ) 

with coefficients in 0^, and (SW^I"'!^] turns out to be a C-lift of 
(8^67!-^* [*»])■ We nee d two more functoriality properties which are me- 
diate consequences of Deligne's theory of absolute Hodge cycles: 

Fact 1. To every quasi-isogeny 7 : Y\ Y2 there is a canonical quasi- 
isogeny ^(7) : ®j e7r IiW -~ * 0i e7r I^[Ci], sncn #iat application o/O 
and -H"i*(. • • , A°°' p ) recovers the usual tensor-products (with coefficients 
in L). 

Fact 2. There is a canonical ^-preserving and L-linear homomorphism 
of algebras: 

(g)End°(r[e 4 ])^End°((g). V>, ):(..../„...)• -(g). / 4 , 

L 

swc/i i/iat application o/D° and i?f*(. . . , A°° ,p ) recovers the usual tensor- 
products (with coefficients in L). 

For a situation, which is slightly different from the one at hand the 
proofs have been carried out in full detail (cf. [21 Theorem 4.10] 
and [3, Proposition 5.1]). Let (Y,\,i) be a homogeneously polar- 
ized Q-isogeny class of abelian Fp C -varieties with a ^-invariant action 
1 : L A — > End°(F). By fact [TJ the homogeneously polarized Q-isogeny 
class of ^S> ie7T Y[ti} has a well-defined meaning, provided only that the 
homogeneously polarized Q-isogeny class of Y contains a member for 
which 

• the polarization A : Y — * Y is p-principal 

• the action L A — > End°(y) is integral and satisfies the determi- 
nant condition with respect to the skew-Hermitian L A -module 
V. 

From now on we assum that the ^-poly-gauge {ji}ieA is 'normalized' 
in the sense that a i q = a i q whenever q* 7^ q e TZ. There is a G(A°°' P )- 
equivariant bijection between the G(A°° ,p )-set ^ p M p (Fp C ) and tuples 
(Y, A, 1, y n , T] p , r] p , V ) where: 
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(i) (Y, A, i) is a homogeneously polarized 



Fp C -varities with *-invariant action i 



(iii) 



Msogeny class of abelian 
L A -> End°(F) contain- 
ing at least one member for which A is p-principal and for which 
i is integral and satisfies the determinant condition with respect 
to the skew-Hermitian L A -module V. 

y w : L n — > End° (0 iG7r F[ej]) is a homomorphism which com- 
mutes with L and preserves *, for every n G II 
Vo is a display with ^-structure over F^ c and r\ v is a L A -linear 

isomorphism ® ieA Vi, P : Q ® Fib(0 ieA &, P ) ^ O (^) of F- 
isocrystals, preserving the pairings on either side up to a factor 
in K(¥p C ) and such that the diagrams 

End°(Fib((g), 67rft ,P)) < 



End L ((8) i ^D (r[e,])(i^f^)) 



End° L ((g)^N) 



are commutative for all n G II. 
(iv) rf = ® ieA rfi : A°°> p <g> F 4 Hf\Y, A 00 ^) is a L A -linear simili- 
tude such that the diagrams 

A°°>P(8)(g) ieff End L (Vi) < L„ 



End((8)^//f(y,,A^)(i^W)) EndiC®^) 

are commutative for all 7r G II. 

Let y = (Y,L,X,L n ) be data consisting of (i) and (ii). Write I y 
(resp. Jy/Qp) for the algebraic group representing the functor: 



Hit 



{(/,..., /i, ... ) G i? x x J] i? ® End° L (F[e,]) x | 

iGA 

VttgII:®. fi £ R® End° ((g) F[e,]) x 
V* G A : = /} (resp. 
R - {(/,..., /i, ... ) G it> x x J] i? ® Qp End L (D°(r [e,])) 

Vvr G n : (g)/, G i?® Qp End^((g)D (r[e,])) x 
Vi G A : I//, = /}) 
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Notice that every choice of full i^ p -level structure rf as in (iv) fur- 
nishes I y x A°°' p with a group homomorphism, say i y r jp, to G x A°° ,p 
and that one has i Vt rf o-yv = Int(7 p ) _1 oi y )J?P for all 7 P G G(A°°' P ). Notice 
also that there is a natural embedding I y x Q p C J^, and that choices of 
?7 P and P G Bw^(G,^) as in (hi) do in fact identify the group Aut("Po) 
with a subgroup of J y (Q p ), so let us eventually write T yiVpj -p C /j,(Q) 
for the inverse image of Aut("Po) under this embedding. Whenever Vo 
is lifted by a display V\ with ^-structure over a complete local noe- 
therian W^(F p /)-algebra A, then we will also write T y ^ vVl to denote 
the inverse image of Aut(Pi) under that embedding (N.B.: the lifts of 
Vo are in one-one correspondence with lifts of the Fp C -valued point of 
Kp-Mp that corresponds to the tuple (Y, A, i, y n , r/ p , rj p , Vo))- 
Once Vo is represented by a concrete element U G Q(W(F p c )) there 
exists a map jy )Vp ,u '■ J x K(¥ p c ) ^Gx K(F p c ), which is analogous to 
iy yV p- However a change of coordinates of the form h~ l U®h = U' will 
alter j y , Vp ,u and turn it into: Int(h)- 1 o j y , Vp ,u = 3y,w,U'- 
We need one more concept: Let us call Vo G B^a C {Q,ii) elliptic if it 
possesses a representative U G C?(W(Fp C )) which can be written in 
the form U = g~ 1F g, where g G G(K(F?f)) is such that the image of 
Int(g) o ft lies in a maximal Q p -elliptic torus TcGx Q p . If this holds 
then elements of Q{W{¥ p c )) fl Int((7~ 1 )T(i ; r(Fp)) are automorphisms of 
Vo- There is a very nice lift V\ G Bw(w% c ){G, fJ>) for example by re- 
garding the very same representative U as an object in the category 
(use remarkES), G(W(¥^ C )) fl Int((7 _1 )T(J ; f(Fp)) acts on 

V x too. 

Proposition 7.8. Let £ G ^ p M p (Fp C ) correspond to (y,rj p ,r] p ,Vo). The 
stabilizer of £ in G(A°°' P ) agrees with iy^i^y^Vo)- 
Suppose that Vo is elliptic. Then there exists a display V\ with Q- 
structure over W{¥ p c ) which lifts Vo such that ^y !Vp) Vi contains the 
7j( p ypoints of a li^-model of a Q-rational, Q p -elliptic, maximal torus 
in I y . 

Proof. The first assertion is trivial. To prove the second recall that 
giving a lift is effectively equivalent to giving a pair (Vi,S) with V\ G 
0b ^ ( F-)(5^) and 6 e Eom(V ,Vi Xw(f-) F£ c ). Let g~ 1F g = U G 
G(W(Fp C )) stand for a representative that qualifies Vo as an elliptic 
display, so that Aut(Po) reads {h G I(W p c )\h~ l U®h} and contains 
g{W(¥ a p c )) nlnt(^- 1 )T(K(F p )). It causes no harm to denote the endo- 
morphism F o Int G ( / u(p)~ 1 ) : Q{K(F™)) -> g(K(W a p c )) by $ (so-named 
as it extends the twisted Frobenius map X(Fp C ) — > 7Y(Fp C ) as intro- 
duced at the beginning of subsection 12.31) . In this language one sees 
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that 

Aut(P ) C J y (Q p ) = {he g{K{¥ a p c ))\h- l U"h} C g(K(¥ a p c )). 

If T x C T(Q P ) stands for the subset of regular elements, then the subset 
UjeAut(Po) Int 0' _1 f _1 )^ x is open in the p-adic topology of I y (Q p ), so 
that it contains a rational element Int^' -1 ^ -1 )^ G / y (Q). It follows that 
the image of T(Q P ) under Int^' -1 ^ -1 ) is equal to S , (Q P ) for some Q- 
rational torus S C I y (namely the centralizer of Int^' -1 ^ -1 )^). The lift 
(Pi, j) solves our problem, as V\ has already been exhibited before. □ 

From now on we study exclusively the union of those connected com- 
ponents of Kp-Mp which contain at least one elliptic point. We write 
k p M* p for this open and closed G(A°°' p )-invariant subscheme, and kJF* 
is defined similarily, as are their analogs K-Mp and kF* for finite level 
structures K C G(A°° ,P ). Whether one actually has k p M p = k p M* 
is a difficult question whose answer has no significance for the present 
paper (the answer is probably: 'y es ')- 

Let G-/K{¥ pf ) be the generic fiber of Q~ , and let G'/K(¥ pf ) be the 
quotient of G x K(¥ p f) by the largest normal subgroup that is en- 
tirely contained in G~ , and let G'~ / 'K(¥ p f) be the image of G~ under 
the canonical projection G x K(¥ p f) — > G' . Choose an embedding 
too : W(¥ p f) C. It is known that KpA^«(C) can be written as a 
disjoint union 

]JA,\(M, xG(A°°«p)) 

for certain connected and simply connected complex manifolds Mi with 
certain discrete cocompact subgroups C Aut(Mj) x G(A°°' P ). The 
locally trivial principal homogeneous space kF* together with the con- 
nection on kT* x s Q induce homomorphisms (pi : A^ — > G(C) and 
locally biholomorphic A;-equivariant maps pi : Mi — > G/G~(C). The 
composition of <fti with the canonical projection G x fT(F p /) — ► C7' shall 
be denoted by <$>\. For every Z one obtains a bounded period morphism 
(A h M h G',G'-,(f)'i,pi) in the sense that all properties (PI), (P2), (P3), 
and (P4) of the part [B] of the appendix are valid. The reasons are as 
follows: 

• property (PI) holds because the holonomy group is already 
maximal in the formal category by lemma 16.51 To utilize this 
we only need a single basic point, for example an elliptic one. 
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• property (P2) holds because the corollary 16.61 allows to describe 
the stabilizers in characteristic in terms of stabilizers in char- 
acteristic p, which are given by the Q-groups self-isogenies, by 
the first part of proposition 17.81 

• property (P3) holds because of the second part of the proposi- 
tion El 

• property (P4) holds because C is ample. 

The fact [2] implies that k-MZ ^ 0- We have shown the following 
result: 

Theorem 7.9. Fix a Shimura- datum (G, X) with a poly-unitary struc- 
ture of width w relative to a CM field L whose normal closure is R C C. 
Fix G Gal(i?/Q) and a d-poly-gauge as in the beginning of this sec- 
tion. Let p C Oer be a prime of norm p* . Assume that p H Or is 
of type d, that the poly-unitary structure is unramified at p, and that 
p > m&x{2,w} . There exist data k-M* p , kF* , V that are canonically 
associated to each of the compact open subgroups in the family outlined 
in (jH]) and (SSD such that: 

• k-M* p is a non-empty projective and smooth W(¥ p i)- scheme, 
of which the special fiber is a finite R U Xo R ¥ p f -scheme in a 
canonical way, where R U is the integral model of the unitary 
group Shimura variety described at the beginning of this section. 

• k^F* is a locally trivial principal homogeneous space for Q~ over 

km; 

• V is a connection on the composite of the ^-functors: 

Re Po (g x W(¥ pf )) - Re Po (g-) Vec KM ; 

• The association of k-M*, k^ 7 *, V is functorial in the sense that 
each pair of compact open subgroups K\ and K 2 satisfying K\ C 
Int(7 p )i^2 for some -y p G G(A°°' P ), gives rise to a commutative 
diagram: 

K X r — ► Ki m; < — Ki m* p — ► R ux OR ¥ pl 

k 2 F* > k 2 M* p < K 2 M* p > k JA X OR ¥ pf 

where the vertical arrow on the left is a Q~ -equivariant Stale cov- 
ering which is compatible with the connections on K\J~* xS Q 
and k 2 F* xS Q while the vertical arrow on the right is the 
mod p PI O R-reduction of the canonical action of the group ele- 
ment (. . . , e~ l o 6i (Y) o£ ir ..) g G(A°°'P) . 
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• Let X' be a connected component of X , and let Aut(X') be 
the real Lie group of its biholomorphic transformations. Then 
there exists a finite family of discrete cocompact lattices Ai C 
Aut(X')° x G(A°°' P ) and a biholomorphic map between the dis- 
joint union: 

H H (A; n Int( 7 p )i^)\X' 

1 7PGA ; \G(A°°.P)/_ft"P 

and the complexification of kM* p - 
Appendix A. Existence of poly-unitary Shimura data 

Let k be an algebraically closed field of characteristic 0, and let 
be a semi-simple Lie-algebra over k. We call a finite-dimensional 
representation p : g — > Endfc(£7) asymmetrical if for every non- inner 
automorphism a : g — > g one can find some sub-representation a of 
p which is nonequivalent to a o a. The raw material for sample poly- 
unitary Shimura data is supplied by: 

Proposition A.l. Let p : Go — > GL(Uo/k) be a linear representation 
of the semi-simple k-group Go and write p' for the direct sum of po 
and Ad on the representation space U' = U © g . Assume that p' is 
faithful and has an asymmetrical derived representation p' Q der : go — > 
Endfc(f/o). Write U' := U ©go? where U is the trivial one- dimensional 
representation of Gq, and fix an element e e U . Consider the sub-k- 
algebras k[a] C End Go ([/ ©^ U' ®u U' Q ), and k[a'] C EndG (^') that are 
generated by the single endomorphisms 

x 1 © (x + x') © (x + x' Q ) A^i® (x' Q ®x' + e® p' der (x')(x + x' )), 

and 

, / a ' 

X + X t— > X, 

where x G U , x, X\ G U , and x' , x' G go- Write G° for the stabilizer 
in GL(U/k) x fc GL(U'/k) x k GL{U'Jk) of k[a], k[a'\ and End Go (C/^) ; 
and let T° be the center of G°. Then one has: 

T°G = G° 

More specifically, write Tq for the center of Endc (f/o) x , an( ^ write 
T' C Tq for the sub-torus consisting of elements whose action on go 
is a scalar. Then T' is naturally contained in T°, and indeed one has 
Gj-^j x T' — T° , where the two copies ofG m act as scalars on U and U' . 
The rank of T° is equal to 

3 + Gaxd{isotypic components of U' } — Gaid{simple factors of g }, 
and it is connected. 
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Proof. The proposition and its proof are both similar to [3J Lemma 
7.3]. Fix an element of G°, according to the presence of EndG ([/Q) and 

a' we can write ( ^? ^/ J , ( n ' I > anc ^ S'lj f° r ^ ne induced maps on 



!/ {) J- \0 g' 

Uq, U', and U. Notice that g' and g' are proportional, and that: 

90 der i i\ der / 9 /\/90 \ 

— p (x)x = p (—x)(—x ) 
9 9 9 

L 2 " > -^oJ ~~ L ^ ' ^oJ 

according to the presence of a. This means that a := — is an automor- 
phism of the Lie algebra g Q , and that /3 := ^ ^ j intertwines p' der 

and p' der o a. Using the asymmetry of p' Q der , and again the presence 
of EndG (t^o); we see ^ na ^ a mus t be an inner automorphism, so that 
it is induced from an element in Go{k). Upon an adjustment we are 
allowed to assume a = 1, so that g' is equal to the multiplication by 
the scalar g. Consequently j3 lies in the center of EndG (^o) x - Upon a 
further adjustment we are allowed to assume that each of go, g' Q and g' 
is equal to the multiplication by the scalar g. The remaining degrees 
of freedom are g, gi G k x . □ 

In the special case of a simply connected algebraic group G , the 
condition on the asymmetry of the derived representation p' Q der may 
be removed from the assumptions of the previous proposition, because 
this is an automatic consequence of the faithfulness of p' . In fact, if Go 
is simply connected and semisimple without simple factors of type E 8 , 
_F 4 or G2, then the faithfulness of po implies already the asymmetry of 
PQ 6r (Sketch: every automorphism of go comes from an automorphism 
of Go, which is inner if and only if it restricts to the identity on the 
center) . 

In the special case of an algebraic group of adjoint type over an al- 
gebraically closed field, one can easily give a specific example of a 
representation p such that p' der is faithful and asymmetrical: Let 
G = riiLi Gi be the decomposition into simple factors. Let us write 
Pi : Gj — ► GL(Ui/k) for the following asymmetrical representations: 

• If d = PGL(n), then U { := sym n (std) ® /\ n (sid), 

A"(std) n = (mod 2) 



If Gi = S0(2n)/{±1}, then U { : 
If Gi is of type E 6 , then Ui := sym 



sym 2 (A n (std)) n = l(mod2) : 



3/ 
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r(SO(2n)/{±l}) := 



• Ui := in all remaining cases, 

and let us write p : G — > GL(U /k) for the natural representation 
on the (exterior) direct sum Uo ■= ©ti Ui (here std means standard 
representation and J is the 27-dimensional exceptional Jordan algebra). 
In general Uq need not be faithful nor asymmetrical, but it is easy to 
see that Uq = Uo © go does indeed possess both of these properties. In 
the sequel this is our prime example, we also need the following No- 
valued function on the set of isomorphism classes of connected groups 
of adjoint type, which we call the "radius": 

• r(Gi x ••• x G d ) : = max{r(Gi),...,r(G d )}, if G 1 ,...,G d are 
simple. 

• r(PGL(n)) := n - 1. 

'\ n = (mod 2) 
n = 1 (mod 2) 

• If G is of type E 6 , then r(G ) := 4. 

• If Go is of type E 7 , C\ or Bi, then r(Go) := 1. 

• If G is of type E 8 , F 4 or G 2 , then r(G ) := 0. 

The number r(Go) has the following significance: If Uq is the represen- 
tation above, then no minuscule cocharacter of Go possesses a weight 
on Uq which is strictly greater than r(G ) (or strictly smaller than 
— r(Go)). For a totally imaginary quadratic extension L of a totally 
real field L + we have to introduce the following algebraic tori: 

C° := ker(Res L/L+ G m ^ + G ro ) 

C 1 := Res £ +/(Q C° 

C :— (G m x G 1 )/{±1}, 

Every CM-type for L endows G with the structure of a Shimura datum. 
Now we turn to our poly-unitary examples: 

Proposition A. 2. Fix an M,-algebra homomorphism c : C — > R <E> L, 
i.e. a CM type. Let Gq/L + be an algebraic group of adjoint type, where 
L + is as above. Let (Resi+/Q Go, Xq) be a Shimura datum. Then there 
exists an embedding of connected L + -tori G° T° together with a 
poly-unitary Shimura datum of the form 

(G,X) = ((G m x Res L+/ QT°)/{±l},{c}) x (Res L+/Q G , X ), 

with the following additional features: 

• The torus T° splits over the composite of L with the smallest 
field over which Go becomes an inner form of a split form, and 
ReSi+/QT° is compact overM,. 
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• The poly-unitary structure is unramified outside the set of primes 
for which at least one of L or Res L + m G is ramified, and its 
width is 2r, where r is the radius of Go- 

Finally, this particular poly-unitary structure allows a •Q-poly-gauge if 
and only if the automorphism *& in the Galois group of the normal 
closure R + C R of L + satisfies: 

2r + 1 Card{/c G {1, . . . , iV}|Go x L + $k OL M. is compact } 

< lim ! 

2r + 2 n->oo N 

for all embeddings i : L + — > M. 

Proof. We begin with any representation p : Go — > GL(Wq/L) whose 
scalar extension L ac ®l Wq is a direct sum of any number of copies of 
Gal(L ac /L)-conjugates of the previously described U . Let p\ : G — ► 
GL(W\/ L) be the trivial one- dimensional representation. Pick polar- 
izations : L <S>*,l Wi — > Wi for i G {0, 1}, notice that ^i(x, y)* = 
^i(y,x), as the p^s are even. Consider the prolongation of the Killing 
form on Qq to a sesquilinear form iff' on W := L ®l+ fjo- The triple 
of polarized Go x l+ -^-representations, that we wish to work with is: 
Wi, W 2 := Wi © W', and W 3 := W © W. The G -mvariant sub- 
algebras L w C Endi(\4) are constructed along the lines of proposi- 
tion and are easily seen to be *-invariant, here A := {1,2,3} 
and II := {{1}, {2}, {3}, {1, 2, 3}}. The same proposition exhibits 
a connected L + -torus T° such that T° x L + Go is the stabilizer in 
U(Wi/L,*i) x L+ XJ(W 2 /L,V 2 ) x L+ XJ(W 3 /L,V 3 ) of \J^ n L„, more- 
over the proof thereof shows that T° x L + L splits over the splitting 
field of G x L+ L. Write T 1 := Res L+/Q T and T := (G m x T 1 )/{±1}, 
and let us note in passing that G is embedded diagonally into T, as G 1 , 
the complement in G to G m , is embedded diagonally into T 1 . Notice 
that wx = ^{ c } maps —1 to —1, and thus we obtain a poly-unitary 
structure if we only divide out each of the pairings by y/—T, for 
i G {1,2,3}. 

In order to obtain an unramified poly-unitary structure we have to work 
a little bit harder: To fix ideas pick a compact and open subgroup of 
the form K = K s x Y\ p ^ s K p C Res£+/Q Go(A°°) such that every K p 
is a hyperspecial subgroup of Res£+/Q Gq(Q p ). Sufficiently small K- 
invariant 0L[n pe sP ^-lattices ^ c ^ ^ or * e ^> anc ^ a sufficiently 
large integer d would satisfy: Wj C Wt 1 C -^p. Now recall Zarhin's 
trick: Choose a lattice Z of rank 8 containing a direct factor .D of rank 
4, such that: 

• Z ± = Z 

• ^ ^ f ■ 
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Replace by V t := Z ® VP*. The L-algebras End(Z)® Card M g> are 
evidently ^-invariant subalgebras of Endx((^) ig7r Vi) for 7r £ II, and the 
lattices Vi := Z <g> Wj + -D ® VVf C Vi are if- invariant and unimodular 
for ieA. The groups of Z p -points in the unitary similitude groups of 
these lattices are hyperspecial for p ^ S, and we are done. □ 

Let us round off the discussion with another family of examples: 

Proposition A. 3. Let Gq/L + be an absolutely simple connected, alge- 
braic group, where L + is as above. Let (Res L +/Q G , X ) be a Shimura 
datum without factors of type Df- for any I > 5. Then there exists 
a certain poly-unitary Shimura datum (G, X) of width 2, relative to a 
certain totally imaginary quadratic extension L, such that both of them 
are unramified outside the set of odd primes for which at least one of 
L + or Res£+ /q G is ramified, and they enjoy the following properties: 

• There exist a certain embedding of connected L + -tori C° T° 
together with a certain central extension of algebraic L + -groups 

1 -> T° ^ G° -» G -> 1, 

where Res£+/QT° is unramified outside the set of odd primes 
for which at least one of L + or Res^+/(Q Go is ramified, and this 
Q-torus is compact over R. 

• The quotient ofG m x Res£+ /q G° by the subgroup {±1} C G m x 
G 1 agrees with G, the canonical epimorphism G -» Res£+ /q G 
which is derived from that sends X to X , and Wx agrees with 
the canonical inclusion G m ■=— > G. 

Finally, this particular poly-unitary structure allows a ^-poly-gauge if 
and only if the automorphism $ in the Galois group of the normal 
closure R + C R of L + satisfies: 

3 Cardjfc £ {1, . . . , A^}|Go x L + , & k OL R is compact } 
- < lim '■ 

4 N^oo N 

for all embeddings i : L + — > R. 

Proof. In the cases of type A\ there is nothing to prove. In the cases of 
type E 7 , Ci, Bi we can just apply the proposition I A. 21 to the quadratic 
extension L := L + [y/— 1]. In the E§ or ^-situations our proof starts 
with a description of a provisional central extension: Let Go be the 
simply connected covering group of Go and let G be its center. This 
group is of order 3 or 4 and it is cyclic, except for the A-case with I = 
(mod 2). Excluding this for while one may observe that there is one and 
only one choice of a totally imaginary quadratic extension L, such that 
there exists a rational embedding G G°, because in those cases 
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the Weyl-opposition is a non-inner automorphism, and there are no 
other ones. Given that G := (C° x Go) /Co has connected center there 
exists a Shimura datum (Res^+ /q G° , X) which lifts X and has a trivial 

weight homomorphism. Let p : G° x L +L — > GL(Wo/L) be a L-rational 
representation which is a direct sum of minuscule representations each 
of whose restrictions to the center C° x L + L = G m x L agree with 
scalar multiplication. The latter one is unique so that L (g)*^ Wo is 
equivalent to Wq. The sets of /i- weights of each eigenspace (to the 
embeddings L C) can be read off from [6j Table 1.3.9], so these are 
translates of {— |, ~, |} or {±|}, depending on whether or not we are 
in the i? 6 -situation. Notice that X can be multiplied with an arbitrary 
homomorphism § — > C 1 Xq R without changing Xq, so upon a careful 
adjustment the //-weights of all eigenspaces are in {0, ±1}. The proof is 
completed by following the arguments in the proof of proposition IA.21 
notice that the L + -structure of the group G° (or equivalently of T°) 
may depend on the choice of the polarizations which in turn assumes a 
choice of X. Finally it remains to do the Di-case with / = (mod 2), in 
this case C is a 2-dimensional F 2 - vector space scheme and Res £ + /q C 
splits over R. Let C + be a connected L + -torus satisfying: 

• C+[2] = C 

• The Q-torus Res L + /q C + splits over R. 

Such a torus exists because GL(2,Z) -» GL(2,F2) is a split epimor- 
phism. Write C for the connected L + -torus C° X*(C + ), where we 
use L := L + [\/— 1] again for the above definition of C°. Notice that the 
group scheme of its 2-torsion points satisfies C[2] = Co, so let us put 

G := (Cx G ) / Co and let us choose a Shimura datum (Res^+ /qG ,X) 
which lifts Xo and has a trivial weight homomorphism (notice that 
Res£+/Q C is compact over R). Now pick a selfdual, faithful, L-rational 

representation p : G° x L +L — > GL{Wo/L) decomposing into any direct 
sum of minuscule ones. In case I ^ 4, assume in addition that po does 
not contain the unique representation of dimension 21, i.e. the standard 
representation. The proof is again completed by the arguments in the 
proof of proposition IA.2I □ 

Appendix B. Varshavsky's characterization method 

The paper [26J deals with characterizations of Shimura varieties. In 
this work we want to be slighty more basic and confine to character- 
izations of symmetric Hermitian spaces, here are the objects under 
consideration: 
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• Let A be a group and let M be a separated, non-empty, con- 
nected, complex manifold with a holomorphic left A-action. 

• Let Gi, . . . , G r be connected, reductive, simple algebraic groups 
over C, and let Pi be a proper minuscule parabolic subgroup 
of G{. Denote the associated irreducible symmetric Hermitian 
domains of compact type by X,- t := Gj(C)/Pj(C), and write 
G : = ni=! Gi and P := Y\U Pi and X := UUi X i- 

• Let : A — > G(C) be a group homomorphism, and let po : 
M — > X be a locally biholomorphic A-equivariant map (use 
to define a left action of A on X) 

A sextuple (A, M, Gj, Pj, 0, p Q ) as above is called a period map if: 

(PI) The image of A in G(C) is Zariski-dense. 

(P2) The image in G(C) of the stabilizer in A of any element in M 
possesses a compact closure. 

(P3) There exists some yo G M whose stabilizer in A contains some 
subgroup A the closure of whose image in G(C) is equal to 
ni=i Tj(M), where each Tj is a maximal compact torus in Resc/R Gi 
(i.e. the M-rank of Tj is equal to the C-rank of Gi). 

Without any attempt of originality we wish to give a slight reformu- 
lation of [25| p.89,p.92-94] in the above axiomatic setup: 

Theorem B.l ( Varshavsky) . Suppose that (A, M, G i: Pj, 0, p ) is a pe- 
riod map. Then there exist real forms J, of Gi for every i G {1, . . . , r}, 

such that 0(A) = J(R)° ; where J := Yl i= i J«- ^ e locally biholomor- 
phic map po is actually an injection and the A-action on M can be 
extended to a continuous and transitive J (M.)° -action thereon. 
Pick a base point y G M , and assume for notational convenience that 
Po(y) is the canonical base point of Yli=iXi, i.e. equal to (1,...,1). 
Write Uj := Pi R Pi, where Pi denotes the complex conjugate of Pi 
with respect to the real form Jj. Consider the homogeneous spaces 
Mi := Ji(R)7Ui(R) ; so that and M = YTi=i M i- Then f or each 
i G {1, . . . , r} one and only one of the following alternatives hold: 

• Ji is compact, and Uj is a maximal proper connected subgroup, 

• or Ji is not compact, and Uj is a maximal compact subgroup, 

and in any case Uj has indiscrete center so that Mi is a symmetric 
Hermitian domain of compact or of non- compact type. 

We give a synopsis of the proof: The solution to the 5th problem of 
Hilbert implies that J := 0(A) is a Lie-group. Note that C ®r Lie J is 
semisimple, because Lie G is semisimple and both of Lie J D \/— 1 Lie J 



80 



OLIVER BULTEL 



and Lie J + a/— 1 Lie J, being G- invariant C-subspaces of Lie G in view 
of (PI), are semisimple too. Moreover, there exists a semi-simple real 
algebraic group J C Resc/R^ such that Lie J = Lie J, as semisim- 
ple Lie-algebras are algebraic. Finally the existence of T tells us that 
J = nj =1 Ji where each single Jj contains Tj and it is either a real 
form of Gi or it is equal to Resc/R G{. Let us write Aut(M) for the the 
homeomorphism group of M, and let us endow it with the compact- 
open topology. Let J (resp. T) denote the closure of the image of A 
(resp. A ) in Aut(M). The group T is compact because it fixes a point 
and preserves a suitable Riemannian metric, [T3"l II, Theorem 1.2]. It 
is straightforward to see that <fi extends to a continuous group homo- 
morphism, say : J — > J, the kernel of which is a discrete subgroup 
of J, cf. [25| Lemma 3.1]. The following argument shows that is 

surjective: We clearly have 0(J) = J and note also that 0(T) = T(R) 
because T is compact. Now there exist elements 71, . . . ,7 n £ A such 
that Ad(7i) LieT + • ■ ■ + Ad(7„) LieT = Lie J. It follows that the 

product 0(71 TYf 1 ) 0(7„T7~ 1 ) contains an open neighborhood of 

the identity in J and whence it follows that <j>(J) = J- One shows the 
openness of <fi along the same lines. 

If a Cartan subgroup C C J fixes some point in the image of M in X, 
then it must be compact. This can be shown as in [25j Lemma 3.6] 
using the property (P2) only, together with the fact that J is a Lie- 
group, which is implied by the openness of <fi. Finally two more facts 
follow easily from that observation: First, no Jj is equal to Resc/RGj 
so that J is actually a real form of G and second, the stabilizer in J of 
any point on X has to contain some Cartan subgroup C of J, this is 
because it is equal to the intersection of two mutually complex conju- 
gate parabolics, namely the stabilizer in G of that very point and its 
complex conjugate. 

We note in passing that (J, M,Gi, Pi,<f), po) is a period map too, by 
[251 Proposition 3.5]. One next establishes the transitivity of the J- 
action, which is accomplished by a simple dimension count (look at the 
stabilizers and notice that all of the maximal compact subgroups of G 
act transitively on G/P). 



Remark B.2. Let Grassy be the scheme whose S- valued points are 
/i+l-tuples (J 7 , ei, . . . , where T £ Vecs is of rank d and ei, . . . , £ 
r(5, J 7 ) generate T as an Os-module. This Z-scheme is projective and 
smooth of relative dimension d(h — d). Write oo^h '■= ^Grass 1% ^ or ^ s 
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canonical line bundle. Let us say that a period map (A, M, Gi,Pi, (j>, po) 
is bounded if 

(P4) there exists a finite family of projective representations pj : 
G — > PGL(hj) x C, together with points yj G Grassy ,h-(C) 
such that the intersection of the stabilizers in G of the points yj 
is equal to P, and there exist positive integers pj such that the 
pull-back of some line bundle of the form uj® Pj by means 
of p is generated by its holomorphic global sections, where ujj 
denotes the pull-back of oJa^hj by means of the map G/P — > 
Grassy. xC;gP i-> g{y j ). 

It is clear that bounded period maps give rise to bounded symmetric 
Hermitian domains M. 
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